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Abstract

In regression analysis, one of the main challenges is selecting a single model among competing models when
making inferences. Likewise, the issue of the choice of prior distribution has been delicate in data analysis.
Informative prior distributions related to a natural conjugate prior specification are investigated under a limited
choice of a single scalar hyperparameter called g-prior, which corresponds to the degree of prior uncertainty on
regression coefficients. This research identified a set of 11 candidate default priors (Zellner’s g-priors)
prominent in the Literature and applicable in Bayesian model averaging. Some new sets of g-prior structures
were investigated with a view to proposing an improved g-prior specification for regression coefficients in
Bayesian Model Averaging (BMA) and the predictive performance of these g-priors were compared. Results
obtained include the respective prior distributions, posterior distributions and sampling properties of the
regression parameters, based on the new set of g-prior structures investigated. Also, empirical findings revealed
that the proposed g-prior structure exhibited equally competitive and consistent predictive ability when

compared with identified g-prior structures from the Literature.
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Introduction

Research on Bayesian methodology and applications
has progressed remarkably in the past few decades
and issues of the choice of prior distribution have
been quite delicate in data analysis. Procedures for
assessing informative prior distributions for the
parameters in Bayesian regression models have been
put forward by Zellner (1983, 1986), Agliari et al.
(1988), Fernandez et al. (2001a), Eicher et al. (2007)
and Raftery et al. (1997).

Prior distributions play very crucial roles in Bayesian
probability theory as it is attractive to have
conditional distributions that have a closed form
under sampling (Okafor, 1999; Rossi et al., 2005).
Zellner (1983, 1986) proposed a procedure for
evaluating a conjugate prior distribution referred to as
Zellner’s informative g-prior, or simply g-prior. The
g-prior has been vastly used in Bayesian analysis in
multiple regression models due to the verity that
analytical results are more readily available, better
computational efficiency and its simple interpretation
(Davison, 2008).

In linear regression model analysis in which g-prior
is used, it has been noted that the choice of a scalar
hyperparameter g is crucial for the behaviour of
Bayesian Model Averaging (BMA) procedures. The
use of BMA provides a natural solution to model
uncertainties that lead to better predictions than

simply selecting and using one model (Clyde and
George, 2004).

The Zellner’s g-prior structure has proven universally
popular in BMA since it leads to simple closed form
expressions of posterior quantities and because it
reduces prior elicitation to the choice of a single
hyperparameter g. The elicitation of g is subject to
intense debate (e.g., Liang et al., 2008; Hoeting et al.,
1999; Fernandez et al., 2001a; Eicher et al., 2007)
and constitutes the focus of this research. The
approach to prior specification in multiple regression
models presented here draws inspiration from the
work of Feldkircher et al. (2012), Fouskakis and
Ntzowfras (2013), Hanson et al. (2014), and Li and
Clyde (2015).

The aim of this study is to investigate new sets of g-
priors and propose an improved g-prior for averaging
in large competing model spaces in the context of
Bayesian model averaging. The specific objectives of
the study are to:

(i) investigate the different informative prior
distributions referred to as scalar hyper
parameter g-prior identified in literature

(if) investigate some new set of g-priors and to
propose g-priors specification on parameters
estimates and also compare the predictive
performance of these g-priors and
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(iii) derive both prior distributions and posterior
distributions of the regression parameters using
the respective new g-prior investigated and
obtain posterior quantities for inferences

Materials and Method

This study gives an overview of the set up of
Bayesian linear regression model, the techniques of
Bayesian model averaging methodology as a
Bayesian solution to the problem of model selection
and the concepts of Zellner’s g-prior in improving
predictive ability of Bayesian models.

Bayesian linear regressionis an approach to linear

regression in  which the statistical analysis is

undertaken within the context of Bayesian inference.

Given a prior distribution, explicit results may be

obtained for the posterior probability distributions of

the model's parameters. A Bayesian linear model is

set up as follows (Lee, 2004):

(i) A linear regression model with a vector Y
regressed on a number of explanatory variables
chosen from a set of k variables in a matrix X of
dimension n x (k+1), are considered:

Y = XB+ ¢ 1)
[Y1] [81—I B0
where Y =|Y2[e = |%2|e =|P1
Yn lEnJ Bk
1 X oo Xk
[1 X0 . . sz]
X=]. o
.. .
ll Xnz . . Xpk

with g, a vector of unknown regression coefficients
and ¢ is the error term having constant variance ¢°.
(i) The likelihood function of g and &° for the
model (1) based on the sample is the joint
probability density function for all the data
conditional on the unknown parameters (B, 6%):
L= fl—lf(YIX' Bl 02) =
(M (07 exp (— 525 (Y = XB)'(Y - XB))
)
(iif) A Bayesian model builds upon the linear
regression of Y wusing conjugate priors by
specifying
P(B,0%) = P(B|o*)P(c?) = N(pg0?Vg) X
IG(a,b) = NIG(pg, Vg, a,b). (3)
Thus, conjugate prior for g and ¢° is the normal-
inverse gamma (NIG) probability distribution with
parameters: g, Vg, a, b.
(iv) Inference proceed from the
distribution:

posterior
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_ P(Bo?) P(YIB.0?)
P(B, 02|Y) = T (4)
where  P(Y) = [ P(B,02) P(Y|B, 0%)dBdo? is

marginal likelihood of the data Y and from (4), all
required posterior quantities for BMA inference can
be computed analytically.

Bayesian Model Averaging (BMA) is a technique
designed to help account for the uncertainty inherent
in the model selection process; BMA focuses on
which regressors to include in the analysis. By
averaging across a large set of models, one can
determine those variables, which are relevant to the
data generating process for a given set of priors used
in the analysis (Hoeting et al., 1999). Given a linear
regression model with constant term and k potential
explanatory variables x1, x2,..., Boxk of the form:

y = Bo + Bix1 + B2xy + ...+ Prxi + € (5)
This gives rise to 2k possible sampling models
(indexed Mj, j = 1,2,...,2k), depending on whether we
include or exclude each of the regressors. Once the
model space has been determined, the posterior
distribution of any coefficient of interest (say B),
given the data D is:

P(ByID) = T2, P(BnIM) P(M;ID)  (6)

BMA uses each model's posterior probability,
P(M;|D) as weights. Each model (a set of variables)
receives a weight and the final estimates are
constructed as a weighted average of the parameter
estimates from each of the models. BMA includes all
of the variables within the analysis but shrinks the
impact of certain variables towards zero through the
model weights. These weights are the key features for
estimation via BMA and depend upon a number of
key features of the averaging exercise including the
choice of prior specified (Montgomery et al., 2010).
The posterior model probability of Mj is given by
Raftery et al. (2010):

P(M; P(M;
P(M;|D) = P(D|M;) P((D')) = P(DII"[j)iz_zr1 P(D(W:i))P(Mi) (7)

where  P(D|M;) = [ P(D|@},M;)P(p!|M;)dp’ (8)
and B/ is the vector of parameters from model Mj,
P(B’ | M;) is a prior probability distribution assigned
to the parameters of model Mj and P(M;) is the prior
probability that Mj is the true model.

The estimated posterior means and standard
deviations of B = (Bo, By, ... , Bi) for model Mj are
then constructed, by Garcia-donato et al. (2013), as:
~ k A
E[B | D] = X}, BP(M;|D) 9)
~ k
V[BID] = 2%, (Var[B|D,M;] +
B*)P(M;|D) —E[B|D]*  (10)
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Zellner’s g-priors applied in BMA analysis fixes a
constant g > 0 and specifies the Gaussian prior for the
regression coefficients 8, conditional on ¢”. Thus,
Zellner’s g reduces the elicitation of the covariance
structure by simply choosing the scalar g (Agliari et
al., 1988).

Assumed model: Y = XB + ¢ (12)
with ¢ ~ N(0, a2I,), I, is an identity matrix of
order n. The likelihood:
P(Y|X,B,0%) =(2m)2 ()2

e (- (V=X -XB))  (12)
The Prior: B|o? ~N(Boy gQ) (13)
The Posterior: B | 62, X ~ N(B,, 0% g(XTX)™1) (14)

[

BIY,0% X~ N (2 (Bo +8B), ZEX™0™)  (19)
EIB| Y, 0] =

2 xTx + LxTx) (L xT 1T
(G2 XX+ 5XTX) (Z5XXBo + 5XTY) (16)
27 1 8 (yTy)-1yT
BBIY,0%] = LB+ £ (0XTY (1)
1 )
=B+ P (18)

Thus the parameter g allows for direct weighting of
the prior, o, and data, 8. This prior is known as
Zellner’s informative g-prior, or often referred to
simply as g-prior. The hyperparameter g embodies
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how certain a researcher is that the coefficients are
indeed zero. The value of g corresponds to the degree
of prior uncertainty (Hanson et al., 2014). The g-prior
is not only intuitive to use in the model and prior
definition, but also leads to familiar posterior results
(Zhang et al., 2008).

2 major considerations for Zellner’s g-prior include:
(i) Consistency: the choice of g such that posterior
model probabilities asymptotically uncover the
“true model” Mj. That is,
P(M;]Y) » 1 asn - o.
(if) The importance of g as a penalty term enforcing
parameter parsimony factor

kj +kg

1+g =

Given g > 0, it follows a t-distribution with expected

— 8 A A
value E(B;|Y.X,gM;) = T P where B s the
standard OLS estimator for the model M;.

Different values of g have been assigned in the
context of estimation of the regression coefficients of
regressors and model sampling for selection. This
research identified a set of 11 candidate default priors
(Zellner’s informative g-prior that is based on a
sample of n observations and Kk regression
coefficients of independent variables) advocated in
the Literature (Eicher et al., 2007), see Table 1.

Table 1: Summary of Identified g-Prior Structures Examined

Unit Information Prior (UIP) based on number of observations. (Kass and Wasserman, 1996).
Corresponds to the benchmark prior suggested by Fernandez et al. (2001b).

It is in the spirit of the” unit information priors" of Kass and Wasserman (1996).
Here, we assign more information to the prior as we have more regressors in the model

This is an intermediate case, where we choose a smaller asymptotic penalty term for large

The prior information increases with the number of regressors in the model. (Fernandez et al.,

Asymptotically mimics the Hannan—Quinn criterion with CHQ = 3 (Fernandez et al., 2001b,
The Hannan—Quinn criterion. CHQ = 3 as n becomes large. (Hannan and Quinn, 1979).
Prior information decreases even slower with sample size and there is asymptotic convergence

This prior is suggested by the risk inflation criterion (RIC). (Foster and George, 1994).

S/N  Structure of g-Prior ~ Comments/Sources
1 g=n
2 g = max(n, k?)
3 g =K’ Conforms to the risk inflation criterion by Foster and George (1994).
4 1

87 n
5 k

8= h
6 1

g= \/; models than in the Schwarz criterion.
7

k

g= | 2001a)

8 g=In(n®)
p.395).
9 1
8= In(n3)
10 _In(k+1)
a lnin) to the Hannan—Quinn criterion with CHQ = 1.

11 =1

Outlined and adopted are methods and framework
used by Zellner (1986) to obtain both the prior
distributions and posterior distributions for multiple
regression models. Also, the sampling properties in

terms of the expected mean and variance of posterior
distributions and consistency properties of g-priors
based on the results of Zhang et al. (2008) are
outlined.
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Prior distributions and posterior distributions using
Zellner’s g-priors framework for multiple regression
models parameters:
Given a regression model:
Y = XB+ ¢ 19)
with € ~ N(0, ¢21,)
The likelihood function for the model is given by
I(B,o|Y,X) a o ™exp (—#(Y - XB)'(Y —Xﬂ))
(20)
a o Mexp {— [vsz +(B- [?)’X’X(B - [?)] /202}

(21)
where f = (X'X)71X'Y, vs? = (Y - XB)'(Y — XB)
and v = n-k.

Given anticipated values of g and & denoted by S.

and o2, respectively, from a conceptual or imaginary
sample: Y, = XB + ¢ (22)

The joint informative g-prior distribution is:
vG2
P(B,0% | 10) @ o~ +exp {—2%2]
o " exp{—g(B — B)'X'X(B — B)/20%} (23)
where  ng = (B, 04,8 V).
The marginal prior distributions for g and o are
respectively: PB| By V) a {va?+
g(ﬁ - ﬁa),X’X(.B - ﬁa)}_(v+k)/2 (24)

and P(o |G, V) a o~ Vexp{—v52/20?} (25)

Similarly, based on the results of Zellner (1986) on
posterior distribution for g and & given a g-prior
distribution, posterior distributions for 4 and o:

P(B,a|D) a P(B,0)I(B,a|Y) (26)
a o~k Dexpl[(Y — XB)' (Y — XB) +
8(B - B)X'X(B — p)]/207} (27)

D denotes the data and g is the prior mean vector for
regression coefficient vector S.
1 1

Letw' = (r:g2f'X') and z'=(X": g2 X)
Then the terms in square brackets in the exponential
can be expressed as:
w—-2ZB)'(w—-2pB) = (W - Zﬁ:) (W - Zﬁ:) +

_ (B-B)zz(p-B) (28)
where B = (Z'Z)"Z'w.
Thus (27) can be expressed as:
P(B,0|D) a o~MtktDeyp {— [(W - ZE),(W —-ZB) +

(B-B)z'2(8-B)|/20%}  (29)

where = (2'2)"Z'w=(f+gB)/(1 +g).
This is the mean of the posterior distribution with
B =XX)X'Y.

The covariance matrix of the conditional normal
posterior distribution for S given o, denoted by
V(B o, D),is
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V(B |o, D)= (Z'Z)"'c? (30)

=X'X)e?/(1+g) (31)
B ZE)’(W 3 ZE) —(n+k)/2

P(B1D) a {(W / (32)
+(B-B)Z'Z(B - B)

with covariance matrix

V(B|D)=(Z'2)"0? = (X'X)'6?/(1 +g) (33)

1(w-2P)

where  (n—2)o? = (w—Zp) =
(Y —XB)(Y —XB) +g(B-B) XX(B-B)  (34)
Also, the marginal posterior distribution for o
obtained from (29) by integrating with respect to £, is
P(o|D) a o~ Dexp {—(W - ZE)’(W - ZE)/ZCTZ}
(39)

Sampling properties of the mean of the posterior
distribution using Zellner’s g-priors framework in
multiple regression models:

The expected means of E is given by:

EB = (Bo+8B)/(1+g) (36)
where f3, is the true unknown value of the regression
coefficient vector. The bias of E:

B(E)ZEE - ﬁozg(ﬁ_[io)/(l‘*'g) (37)
The second moment matrix of 8 — S, is:
E(B = Bo)(B — Bo)' =V(B)/(1 +p)? +B(E)B(E)(’38)

with V(f) = (X'X)"0?, the covariance matrix of
the least squares estimator.

The variance-covariance matrix of E is:

E(B —EB)(B —EB) =V()/(1+g)? (39)

Results and Discussion

Based on the methods above and relying on the
results of Zellner (1986) on prior and posterior
distributions for multiple regression models, the
respective prior and posterior distributions for g and o
were obtained using each of the proposed g-prior
structures investigated. Also, the sampling properties
in terms of the expected mean and variance of the
posterior distributions were obtained using each
proposed g-prior structures investigated.

The prior and posterior distributions for £ and ¢ using
the proposed g-prior, g = n/Vk:
Before observing Y, a conceptual or imaginary sample
is considered such that:

Y, = XB + & (40)
Let A, and o2 denote anticipated values of # and ¢°,
respectively, from the conceptual/imaginary sample.
The joint informative g-prior distribution using
g= % is: P(B,02 | no) @ o=@ Vexp {— g}
o7* exp{~ () (B — Bo) X'X(B — fa)/20%} (41)

where n}) = ([)’{1, Bar (%)v)
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The marginal prior distributions for g and o are
respectively:

P16 (5)v) @ {vai+ () B~ payxx( -

—-(v+k)/2
2} (42)
and P(o | G,,V) a o~ @Dexp{—vG2/202} (43)
The posterior distribution for £ and o:
P(B,a|D) a P(B,0)L(B,0 | Y1) (44)
a o Dexp {— [(v, = XB)' (Y, — XB) +
(%) (8- BYx'x(8 - B)] /20%} (45)

D denotes the data and f3 is the prior mean vector for
regression coefficient vector .

Letw’ = <y1’; (\/%)E B X') and 7' = <X’: (%)E X')
Then the terms in square brackets in the exponential
can be expressed as
w—-2ZB)'(w—2pB) = (w — ZE) (vg - ZE) + .

) B-B)zz(p~F) (46)
where 8 = (Z'Z)"Z'w.
Thus (45) becomes:
P(B,0 | D) @ o™ exp {~[(w, — Z,f) (w; -
z,f) + (B - B) 2.2,(8 - §)| /20?} (47)
where g = (Z,2,) ' Zjw, = (/? + (%) E) / (1 + (%))
This is the mean of the posterior distribution with
B =XX)"XY,.

The covariance matrix of the conditional normal
posterior distribution for 5 given o, denoted by
V(B |o, D),is V(B |0, D)= (Z;Z;) 1c? (48)
= (X'X) o2 /(1 + (ﬁ)) (49)
The marginal posterior distribution for S obtained
from (47) by integrating with respect to o, is
P(B|D) a {(W1 - Z1ﬁ_) (W1 - Z1ﬁ_) +
—1 — y—(n+k)/2
(8-5) z2:(8 - B)}
with covariance matrix:
V(B|D) = (22,) 02 = (X’X)—iaz/(1 + (%)) (51)
Also, the marginal posterior distribution for o
obtained from (47) by integrating with respect to f is
P(o|D) a o~ exp {—(Wl - Zlﬁ)l(w1 - Z1E)/202}
(52)

(50)

Sampling properties of the mean of the posterior
distribution:

The expected mean of 3 using g= \/% is given by:

F=(6+(3)A)/(1+(7)
where S, is the true unknown value of the regression
coefficient vector.

The bias of j:
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BB =EF - fo=(F) G-/ (1+ (%) 64

The second moment matrix of § — B is:

E(B - 8)F - Bo) = L+ B(R)B(E)  (55)
(H(\/_F))

with V(B) = (X'X)"'o?, the covariance matrix of

the least squares estimator.

The variance-covariance matrix of 3 is:

_ o _ N 2
E(F - ER)(F - ERY =v(B)/ (1+ (%)) (56)
The prior and posterior distributions for £ and & using
the proposed g-prior, = V(1/k):

The joint informative g-prior distribution using
1

8=k
ok em - () 6-pxx@- gzt (67
where n} = (,86'1, Ga, (ﬁ)ﬂ:)

. =2
is: P(B,02%|ny) a o~ @ Dexp {—ﬂ}

202

The marginal prior distributions for g and o are
respectively:

1
1

(8100 (2 v) « fooz s (2 @ - oy xx s -

—(v+k)/2
) (58)
and P(B,0|D) a P(B,0) l(B,0|Y,) (59)
Similarly, the posterior distribution for $ and o:
P(B,0|D) a P(B,0) (B0 |Y) (60)
a o~ Dexp {— [(YZ = XB)' (Y, = XB) +
(2 (6-8yxxs - )| 207} 61)

D denotes the data and § is the prior mean vector for
regression coefficient vector g.

Letw) = (Yz’: (i)% B x'> and 7}, = (X’: (i)i x’).

Then the terms in square brackets in the exponential
can be expressed as:

(Wz__ Zzﬁ)’(v‘_/zl_ Zp) = (_Wz - ZzE),(Wz -

ZoB) + (B = B) Z32,(B — B) (62)
where B = (Z,Z,) *Z,w;.

Thus (61) becomes:

P(B,0|D) a o~Mtk+Deyp {— [(W2 - ZZE),(WZ -

2,B) + (8 - B) 232,(8 - )| 1207} (63)
where g = (Z,2,) " Zyw, = (ﬁ’ + (%)E E)/(l + (§)5>
is the mean of the posterior distribution with

B =X'X)"1X'Y,.
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The covariance matrix of the conditional normal
posterior distribution for 8 given o, denoted by
V(B |o, D),is V(B|ao, D)= (Z,Z,) *c? (64)
- (x'x)—102/<1 + (ﬁ)) (65)
The marginal posterior distribution for £ obtained
from (63) by integrating with respect to o, is
P(B|D) a {(Wz —ZyB) (w, — ZoB) +
- - y—(n+k)/2
(8- 5) 732:(8 - )

with covariance matrix:

(66)

vp10) = iz 0% = 0ot (14 () 61)
Also, the marginal posterior distribution for o
obtained from (63) by integrating with respect to f, is
P(o|D) a o= Dexp {—(WZ - ZZE),(WZ - ZZE)/ZU'Z}
(68)

Sampling properties of mean of the posterior
distribution:

The expected mean of g using g = \/(1/k) is given

by: Ef = (ﬁo + () 5) / (1 " (35) (69)
where f3, is the true unknown value of the regression
coefficient vector.

The bias of E: ) )
8D =58 ~ ho= () -1+ () (0
The second moment matrix of B — By is:
E(B— ﬂo)(ﬁ‘ .30) = L
V(B)/<1 " (§)5> vB(PBGEY (7))
with V() = (X'X)"1a2, the covariance matrix of

the least squares estimator.
The variance-covariance matrix of g is:

56 e -epy =vn(1+(F) )

The prior and posterior distributions for $ and ¢ using
the proposed g-prior, = 1/k.
The joint informative g-prior distribution using

1. - _5
g=is: P(B,0? | no) a o~W+Vexp {_ Zzz}

o exp{~ () (B - B)'X'X(B - pu)/20%}  (73)
where n} = (ﬁg, By (i)v)

The marginal prior distributions for g and o are
respectively:
P(B18a () v) @ {va2+ (5) (B —BIXX(B -
—(v+k)/2
} (74)

and P(0|5,V) a o-@Vexp{—v52/20%} (75)

a

56

The posterior distribution for g and o:

P(B,a|D) a P(B,0) I(B,0 | Y3) (76)
a o~k Doy {— [(Y3 —XB)' (Y5 — XB) +
() (- Byxx(8 - )] /20%} (77)

D denotes the data and f3 is the prior mean vector for
regression coefficient vector £.

Letw) = (Y3’: (i)% B X’> and 74 = (X’: (i)% X’>.

Then the terms in square brackets in the exponential
can be expressed as

(wz — Z3ﬂ)’(W3 - Z3,3) = (V,Vs - Z3E)I(W3 - ZsE) +
_ (B-B) 232:(B - B) (78)
where B = (Z5Z3) 1 Ziws.
Thus (77) becomes:
P(B,0| D) a o-+k+Dexp {— [(W3 - Z3E)I(W3 -
Z:F) + (B - B) 2325(8 - )| /207} (79)

F =@z zws = (5+(2)8)/(1+ ()

where

This is the mean of the posterior distribution with
B =XX)X'Y,.

The covariance matrix of the conditional normal
posterior distribution for § given o, denoted by
V(B |o, D),isV(B|o, D) = (Z5Z3) to? (80)
= (X'X)‘laz/(l + (i)) (81)
The marginal posterior distribution for S obtained
from (79) by integrating with respect to o, is:
P(B|D) a {(W3 —Z3B) (w3 — Z3B) +
— — y—(n+k)/2
(8- B) 7:2:(8 - )
with covariance matrix:
V(B 1D) = @z o7 = e o? /(14 (2)  (83)
Also, the marginal posterior distribution for o
obtained from (79) by integrating with respect to f, is
P(o|D) a o~ exp {—(W3 - ZsE)’(W3 - 235)/202}
(84)

(82)

Sampling properties of the mean of the posterior
distribution:

The expected mean of 3 using g= % is given by:
B8 = s+ (3)8)/(1+ () )
where f3, is the true unknown value of the regression

coefficient vector.
The bias of g:

BE) =EF - fo=(3)B-6)/(1+(}) (@)

The second moment matrix of ﬁ= — B, is:

EF-Bo)F-B0) = v(B)/ (1+(3)) +B(B)B(Y
(87)
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with V(B) = (X'X)"'o?, the covariance matrix of
the least squares estimator.
The variance-covariance matrix of g is:

£ R -epy =v@)/(1+ () @)

The prior and posterior distributions for £ and ¢ using
the proposed g-prior, g = n/k:
The joint informative g-prior distribution using

g= % is: P(B,0%|1ny) a o~ @+Dexp {— g}

o7* exp{= (L) (B = Ba) X'X(B - fa)/20%} (89)
where n}) = (B,’l, Bar (E)v)

The marginal prior distributions for g and o are

respectively:
P (B | Pas (g)”) a {1’53 + (E) B=B)XX(B~

—(v+k)/2
) (90)
and P(c | 5, V) a o~ @ Dexp{—v52/202} (91)
The posterior distribution for £ and o:
P(B,a|D) a P(B,o) I(B,0|Y,) (92)
a o~ Dexp (- [(v, - XB)' (Y, — XB) +
() (B -B)x'x(8 - B)] /20%}. (93)

D denotes the data and 3 is the prior mean vector for
regression coefficient vector g.

1 1
Letw) = (n’: () E’X’) and Z, = <X’: () x’).
Then the terms in square brackets in the exponential
can be expressed as
(wy __Z4ﬂ)’(W4 - Z_4ﬁ) = (W4 - Z4/?) (W4 - 243) +
(B~ B) 2:2,(B - B) (94)
where B = (Z4Z,) 1 Z4w,.
Thus (93) becomes:
P(B,0|D) a o~ k+tDeyxp {— [(W4 - Z4E),(w4 -
ZB) + (B - B) 232.(8 - B)| /207 (95)
where B = (Z,Z) Zyw, = (/? + (E) E) / (1 + (E))
This is the mean of the posterior distribution with
g =XX)"1X'y,.

The covariance matrix of the conditional normal
posterior distribution for 4 given o, denoted by
V(B la, D),is(Z'V(B|o, D) = (ZiZ) '0*)ta”
(96)
= (X'X)—iaz/(1 + (E)) (97)
The marginal posterior distribution for S obtained
from (95) by integrating with respect to o, is:
P(B|D) a {(W4 _243) (W4 _243) +

—ur —y—(n+k)/2
(8- B) 2:2.(8 - B)}
with covariance matrix:

(98)
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V(B 1D) = Zz) ot = o2 /(14 (5))  (99)
Also, the marginal posterior distribution for o
obtained from (95) by integrating with respect to £, is:
P(o|D) a o~ Dexp {—(w4 - Z‘,E),(w4 - Z4E)/202}

(100)

Sampling properties of the mean of the posterior
distribution:

The expected mean of 3 using g= E is given by:
£F = s+ (2)8)/(1+ () (10
where f3, is the true unknown value of the regression

coefficient vector.
The bias of f:

B(F) = EF - fo = (2) (B -60)/ (1+ (}))
The second moment matrix of E — [, is:
E(E - BO)Z(E - .30), =

V@) (1+ () +B(EBGE)  (103)

with V() = (X'X)"1a2, the covariance matrix of

the least squares estimator.
The variance-covariance matrix of g is:

B(F —ER)(F — )y =v(B)/ (1+ (D)

(102)

(104)

The prior and posterior distributions for £ and & using
the proposed g-prior, g = V(n/k):
The joint informative g-prior distribution using

g= \/% is: P(B,0%|ny) a o~ W+Dexp {_%} X

o~ exp {— () 6 — B x'x(8 - ﬁa)/erZ} (105)
where g}, = (ﬂg, Ba, (E)Ev>

The marginal prior distributions for g and o are
respectively:

F (ﬁ | P (E)%'V> @ {vﬁé + (2 (8 - X -
—(v+k)/2
) 09

and P(0 |5, V) a o~ Vexp{—v32/20%} (107)
The posterior distribution for £ and o:

P(B,0|D) a P(B,0)I(B,0|Ys) (108)
a o~k Doy {— [(Ys —-XB)' (Ys — XB) +
() (8 - Byxx(s - g)] /202}. (109)

D denotes the data and S is the prior mean vector for
regression coefficient vector .

Let w, = <Y5’: (E)i B X') and 7= (X’: (ﬁ)}* x’>.



A New Zellner’s g-Prior for Bayesian Model...

Then the terms in square brackets in the exponential
can be expressed as

(Ws — ZsB) (ws — Zsp) = (Ws - ZSE),(WS —Zsﬁz) +

(8- F) zs25(p - B) (110)
where = (ZiZs) 1 Ziws.

Thus (109) becomes:

P(B,o|D) a o~ k+tDexp {— [(ws - ZSE)’(Ws -

zsP) + (8 - B) 225(8 - B)| 1207} (111)

where g = (Z4Z5) 1 ZLws = (/? + (E)E E) / (1 + (E)E>
This is the mean of the posterior distribution with
g =XX)1X'Ys.

The covariance matrix of the conditional normal
posterior distribution for  given o, denoted by
V(B |a, D),is V(B |0, D) = (ZsZs) 'o?

- (X’X)‘102/<1 + (Ef)

The marginal posterior distribution for S obtained
from (109) by integrating with respect to g, is

P(BID) a {(Ws - ZSE),(WS - ZSE) +
— = y~(n+k)/2
(8- F) 225(8 - )}

with covariance matrix:
V(| D) = (Z4Z5) to? = (X’X)‘102/<1 + (;)) (115)
Also, the marginal posterior distribution for o
obtained from (109) by integrating with respect to f,
isP(c|D) a o~ Dexp {—(WS - Zsﬁ)’(ws - ZS[?)/
207} (116)

(112)
(113)

(114)

Sampling properties of the mean of the posterior
distribution:

The expected mean of E using g = \/% is given by:

5= s+ (2)8)/(1+ )
where B, is the true unknown value of the regression

coefficient vector.
The bias of £:

B(B)=Ef — By = (%)% (B-Bo)/ (1 + (g)) (118)

The second moment matrix of B — By is:

E(B — Bo)(B — Bo) =+ B(B)B(B)"
(+°)

with V(f) = (X'X)"12, the covariance matrix of

the least squares estimator.

The variance-covariance matrix of /3 is:
1\ 2

G - ER)(F — E) =v(3)/ (1 " (§)5>

(117)

(119)

(120)
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The prior and posterior distributions for £ and & using
the proposed g-prior, g = %
The joint informative g-prior distribution using
g= % is:
P(B,02|n) a o~ @ Vexp {_%} X

0% exp{~ (3) (8 — Ba) X'X (B — Ba)/20%}
where n} = (,8{1, T (%)v)

(121)

The marginal prior distributions for g and o are
respectively:

P(B18a(s).v) @ {va2+ (&) (B — By X'X(6 -
—(v+k)/2
) (122)
and P(o|5,V) a o~ Vexp{—v52/202} (123)
The posterior distribution for £ and o:
P(ﬁ,O_lD) a P(.B!O-) l(,BvO-|Y6) (124)
a o~k Doy {— [(Y6 —XB) (Ys — XB) +
() (8 =By x'x(8 = B)] 1207} (125)
D denotes the data and S is the prior mean vector for
regression coefficient vector .

1 1
Let w,, = <Y6’: (5) E’x') and Z, = (X’: (5) x').
Then the terms in square brackets in the exponential

can be expressed as
(W = ZsB)' (wg — ZB) = (W6 - ZGE) (Ws - ZsE) +

(8- B) 225(B - ) (126)
where B = (Z4Zs) 1 Ziwg.

Thus (125) becomes:

P(B,0| D) a o-+k+Deyp {— [(W6 - Z6ﬁ=)’(w6 -

Zf) + (B - ) 225(8 - )| /207} (127)

where g = (Z4Z¢) 1 Ziwg = (/? + (k—“z) /?) / (1 + (%))
This is the mean of the posterior distribution with
B =XX)"1X'Y,.

The covariance matrix of the conditional normal
posterior distribution for f given o, denoted by
V(B|o, D),is V(B|o, D)= (ZgZs)'o? (128)
= (XX Lo? /(1 + (k—)) (129)
The marginal posterior distribution for S obtained
from (125) by integrating with respect to g, is
PB|D) a {(Ws _Za.E) (We - ZsB) +
-/ —y—(n+k)/2
(8- B) zszs(8 - )
with covariance matrix:
V(B D) = (Z42¢) 0 = (X'X)"1g2 /(1 + (ki)) (131)
Also, the marginal posterior distribution for o
obtained from (125) by integrating with respect to f,
iSP(g|D) a o~ @Dexp {—(W6 - Z6E),(W6 - ZGE)/ZO'Z}
(132)

(130)
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Sampling properties of the mean of the posterior
distribution:

The expected mean of 3 using g= % is given by:

=+ @A)/ (1+ (@) a9
where S8, is the true unknown value of the regression
coefficient vector.

The bias of g:
B(F) = EF — fo = (&) (B = 8o)/ (1+ ()
The second moment matrix of 8 — f3, is:
_ - ) a2
B~ )7 - mo) =v(B)/(1+(2)) +
B(F)B(R). (103)
with V() = (X'X)"1a2, the covariance matrix of
the least squares estimator. B
The variance-covariance matrix of g is:

5 — 5R)(F 5 = vy (1+(2))

(134)

(134)

The effects of the set of g-priors were examined using
datasets provided by FLS (Fernandez, Ley and Steel,
2001a). The analysis was based on n = 72
observations with k = 41 set of regressors or possible
variables. To analyse these data, uniform model prior
was applied as the model prior for the model space
across parameter g-prior structures investigated.

Table 2: The Effects of g-Prior Structures on Predicted
Values compared with its Actual Value

SIN g-prior Actual  Predicted LPS
Value Value
1 g=n 0.0046  0.0013  -3.716
2  g=max(nk¥ 00046 00021  -3.649
3 g = k? 0.0046  0.0021  —3.649
1
4 g=4 00046 0021  —2.603
k
5 g8=4 00046 0016  -2.917
_ 1
6 £ |n 0.0046  0.02 -2.683
_ |k
7 &= n 0.0046  0.015  -2.981
8 g=Inn® 00046 0031  -3.633
1
9 E=n@m®» 00046 0021  -2653
_ In(k+1)
10 8" Tmm 0.0046  0.0145  -3.019
1
11 8=z 0.0046  0.0214 2592
_ n
12 8=k 0.0046  0.0033  -3.614

Given the model space 2** = 2.2 x 10" and with a
fairly large amount of drawings (5 million), Markov
Chain Monte Carlo Model Composition (MC?)
sampler was applied to adequately identify the high
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posterior probability models. The Bayesian analysis
was carried out using Bayesian model averaging
package “BMS” available in the statistical software
R. The study compares the predictive abilities of
different g-priors from the Literature (see Table 1)
and the 6 proposed g-prior structures investigated.
Table 2 shows the results for the 11 g-prior structures
(Table 1) and the most reliable and consistent g-prior
structure among the proposed 6 g-prior structures.

The log predictive score (LPS) is a scoring rule for
assessing predictive performance and a smaller value
of LPS makes a Bayes model a prior choice for g that
is preferable (Kadane and Lazar, 2004).

The results from Table 2 show that the actual value of
the dependent variable of the 72" observation is best
predicted by a new g-prior, g = n/Vk based on the
predicted and actual values and having one of the
lowest LPS, though preceded by g-prior serial number
(S/N: 1, 2 and 3).

Conclusion

The study investigated 11 g-priors identified in the
Literature and 6 new g-priors proposed. The
reliability and consistency of the predictive ability of
a new g-prior structure, g = n/Vk vis-a-vis the actual
value of the dependent variables, predicted values of
the dependent variables and corresponding LPS was
demonstrated.

Based on the framework and methods enumerated,
the prior distributions and posterior distributions of
the regression parameters were obtained for the
proposed 6 g-prior structures investigated. The
sampling properties in term of the expected mean and
variance of the posterior distribution were obtained
for the respective g-prior structures investigated. The
new proposed g-prior, g = n/Vk, exhibited a reliable,
consistent, competitive and predictive performance
and offers a sound, fully Bayesian approach that
features the virtues of prior input and predictive gains
that minimises the risk of misspecification.
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