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Abstract 
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discuss its applicability to some stochastic differential equations. 
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1 Introduction and 

Preliminaries 

Henstock integral, 
introduced in the mid-

1950s is a useful 
generalization of the 

Riemann integral. 
Henstock integral uses the 

Riemann sums and ε −δ 
definition to solve 

nowhere-continuous and 
extreme oscillatory 

functions. In 2016, the 

Sequential Henstock 
integral which involves the 

use of sequence of guage 
functions was introduced 

(Paxton, 2016, Iluebe et. al. 
2020) In the last ten years, 

a number of integration 
results for some 

generalized Riemann-type 
integrals for a certain class 

of real valued functions 

have been studied by many 

researchers using different 
techniques, see for 

example, Mogbademu, 
Iluebe (2022) and the 

references therein. 

In 1981, T. Gronwall 

obtained the Gronwall-
Bellman inequality, which 

is an important tool in the 
study of qualitative 

behaviour of solutions of 

ordinary differential 
equations and integral 

equations. In 2013, 
Ostaszewski, K. Sochacki, 

presented a new 
generalization of the 

Gronwall-Bellman-type 
inequality and established 

some qualitative properties 
of nonlinear generalized 

Gronwall-Bellman-type 
integrals along with some 

applications to a new class 

of time-varying perturbed 
system. 

Lemma 1.1 (Gronwall Inequality) If F : [a,b] × [a,b] → R, s, t >0, is a 

continuous function and there exist ξ and k ≥ 0 such that 

   for s,t ∈ [a,b] (1) 

then 

 F(t) ≤ ξ exp(kt) for s,t ∈ [a,b] (2) 

Remark 1.2 Lemma 1.1 is the generalized version of Lemma 1.1 of 

(Gronwall, 1919). 
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Lemma 1.3 (Gronwall-Bellman Inequality) Let F(t) and H(t) be 
nonnegative continuous functions on a ≤ t ≤ b, for which the inequality 

  for s,t ∈ [a,b] (3) 

holds, where ξ ≥ 0 is a constant. Then 

 ))(exp()( dssHtF

t

a

   for s,t ∈ [a,b] (4) 

Remark 1.4 Lemma 1.3 is the generalized version of Lemma 1.2 of 
(Gronwall, 1919). 

Theorem 1.5 (Gronwall Inequality under the Henstock Integral) Let f : 

[a,b] → R be Henstock Kurzweil integrable. If there are constants ξ and k 

≥ 0 such that 

  for s,t ∈ [a,b] (5) 

then 

 f(t) ≤ cexp(kt) for t ∈ [a,b] (6) 

if (5) holds a.e., then so does (6). 

Remark 1.6 Theorem 1.5 indicates that the Gronwall inequality under 

the Henstock integral is valid. Lemma 1.1 simplifies Lemma 1.3 and its 

generalizations are very useful in the qualitative analysis of the solutions 
to differential and integral equations; see(Gronwall, 1919, Bellman. 

1953, Ding and Ye, 2009). 

In literature, Ding and Ye (2009) considered some integral inequalities 

of Gronwall-Bellman’s type for generalized differential equation. 

 . (7) 

In 2016, Paxton investigated the sequential characterization of the 
Henstock integral for real valued functions, and then introduced some 

fundamental concepts useful in proving the properties of this integral. 
For example see Iluebe and Mogbademu (2022). Recently, Iluebe and 

Mogbademu (2024) established the generalized sequential 
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characterization for a certain class of Henstock-type integrals and 
proved some properties of these integrals in real spaces. For details of 

these results, the reader is refered to Iluebe and Mogbademu (2024)  
and the references therein. In this paper, we establish the Gronwall-

Bellman inequality involving the Generalized Sequential Henstock 

integral that generalizes Gronwall-Bellman inequality, which enables us 
to study the stochastic differential equations and give a simple 

application of our results. 

We first recall the following definitions whose results appeared in Iluebe 

and Mogbademu (2023). 

Definition 1.7 Let g : [a,b] → R be a function of bounded variation on 

[a,b]. A function F : [a,b] × [a,b] → R is said to be Generalized Sequential 

Henstock Stieltjes integrable (GSH[a,b]) to a number α ∈ R with respect 

to v on [a,b] if there exists a sequence of positive gauge functions

 on [a,b] such that for every δn(t)-fine tagged partitions

, we have 






Nm

n

n

1

{F(g(tin , uin)) −F(g(tin,u(i−1)n))} → α as n → ∞. 

We say α = (GHS) 
],[ ba

Fdv(t). The set of all functions F which are 

generalized Sequential Henstock Stieltjes integrable on [a,b] is denoted 

by GSHS[a,b]. If a subset E ⊆ [a,b] is given, then we write (GSHS) 
E

F = 

(GSHS)  EX = F(E) for the Generalized Sequential Henstock integral 

Stieltjes of F is the primitive of f. 

Remark 1.8 A special case of Definition 1.7 is discussed as follows: (i) If 

g(t) is an identity function of bounded variation on [a,b], we obtain a 
definition for Generalized Sequential Henstock integral. 

(ii) Setting F(tin, uin) = f(tin)uin where f : [a,b] → Rand tin,uin ∈ [a,b] with 

δn(t) >0, the Sequential Henstock integral is obtained (Iluebe and 

Mogbademu, 2023). 

(iii) Considering F(ti,ui) = f(ti)ui where f : [a,b] → R and tin, uin ∈ [a,b] 

with δn(t) ≡ δ(t), the Henstock integral for the function f is obtained. 
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The Generalized Sequential Henstock integral generalizes some well 
known Henstock and Sequential Henstock integrals which have been 

extensively studied by Paxton (2016),  Iluebe and Mogbademu (2022). 
Also, this integral can possibly play an important role in the solution of 

a generalized linear ordinary differential equation. 

Definition 1.9 Let F : [a,b] × [a,b] → R and let E ⊆ [a,b]: 

(a) The function F is absolutely continuous in the restricted sense on 
E (F is AC∗ on E) if F is bounded on an interval that contains E and for 

each ε >0, there exists a sequence of positive gauge function  
on [a,b] such that 

 






Nm

n

n

1

ω(F,[cin,din]) < ε 

where ω(F,[ci,di]) = sup{|F(y) −F(x)| : cin ≤ x ≤ y ≤ din} where {[cin,din] : 1 ≤ i 

≤ n} is a finite collection of non-overlapping intervals that have 

endpoints in E and satisfy for all n. 

(b) The function F generalized absolutely continuous in the 
restricted sense on E (F is AC∗ on E) if F|E is continuous on E and E can be 

written be written as the union of countable sets on each of which F is 

AC∗. 

Remark 1.10 Suppose F(tin,uin) = f(tin)uin where f : [a,b] → R and tin,uin ∈ 

[a,b] with δn(t) ≡ δ(t) in Definition 1.9, we obtain Definition 2.3 of 

Gordon (1994). 

Theorem 1.11 F : [a,b] × [a,b] → R is Generalized Sequential Henstock 

integrable on [a,b] if and only if there exist an ACG∗ function K on [a,b]

)()()( aKxKFGSH

x

a

 such that K = F almost everywhere and any x 

∈[a,b]. 

Remark 1.12 Theorem 1.11 is an analog of Theorem 2.4 of Ding and 
Ye[2] when F(tin,uin) = f(tin)uin, where f : [a,b] → Rand tin,uin ∈ [a,b] with 

δn(t) ≡ δ(t)∀n ∈ N. . 

The following Lemma 1.13 is useful in our main result. 
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Lemma 1.13 If F is Generalized Sequential Henstock integrable on [a,b] 
with the primitives K and v is of bounded variation on [a,b] then the 

product Fg is Generalized Sequential Henstock integrable and 

 

where the integral on the right is the Stieltjes case. 

The proof of Lemma 1.13 is an analog of the Theorems of Ganguli and 

Mukherjee (2001) when 

F(tin, uin) = f(tin)uin where f : [a,b] → R and tin,uin ∈ [a,b] with δn(t) ≡ δ(t), so 

we omit the proof. 

2 Main Results 

We first state and prove the following lemma which is useful in the proof 

of our main theorems. 

Lemma 2.1 Let F : [a,b] × [a,b] → R be Generalized Sequential Henstock 

integrable (GSH[a,b]), v : [a,b] → R,ξ >0 be a continuous function, r(t) be 

of bounded variation and nonnegative on a ≤ t ≤ s ≤ b. If there is a 

constant ξ such that 

 )()()()(
0

sdvsFsrtF

t

   for t ∈ [a,b] (9) 

holds, where ξ >0 is a constant. Then 

 ))()(exp()( sdvsrtF

t

a

   for t ∈ [a,b]. (10) 

Sequel to this, if (9) holds, then (10) does holds. 

Proof  

Define 

 )()()()( sdvsFsrtr

t

a

  (11) 

Then equation (9) becomes  
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F(t) ≤ ξ + r(t) 

By Theorem 1.11, we have 

(12) 

r’(t) = F(s)r(s) s∈[a,b]. (13) 

Multiply both sides of equation (12) by )()(exp()( sdvsrtr

t

a

 , we get 

 

That is 

 

 . (15) 

Combining (15) and (13), we obtain 

 

where )()(exp( sdvsr

t

a

  is pointwise differentiable and ACG∗. 

By Lemma 1.13, )()()(exp( trsdvsr

t

a

  and )()()()(exp( tvtrsdvsr

t

a

  are 

Generalized Sequential Henstock integrable, where v(t) is ACG∗and r(t) 

is of bounded variation. So both sides of (16) are Generalized Sequential 
Henstock integrable. 

By integrating (16) from a to t, we obtain 

. 

Consequently, 

. 

Which implies 
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. 

Simplifying further, we obtain 

 . (17) 

. The inequality (17) gives 

 ))()(exp()( sdvsrtv

t

a

   (18) 

holds for every t ∈ [a,b] and v(0) = 0. Now combining (18), (11) and (9), 

we obtain (10). But if (9) hold, then in the same way, we obtain (10) 

Remark 2.2 The Gronwall Bellman’s inequality in Lemma 1.3 follows 

from Lemma 2.1. Hence, it holds under the Generalized Sequential 

Henstock integral. 

Theorem 2.3 Let r(t),v(t) be a bounded variation on [a,b], ξ ≥ 0, r(t) ≥ 0 
for every s,t ∈ [a,b] and let F : [a,b] × [a,b] → R be Generalized Sequential 

Henstock integrable on [a,b], such that for every t ∈ [a,b] 

 )()()()( sdvsFsrtF

t

a

   for s,t ∈ [a,b] (19) 

then 

 )()(exp()( sdvsrtF

t

a

   for s,t ∈ [a,b] (20) 

Proof. 

Define 

 )()()()( sdvsFsrtx

t

a

  (21) 

where F(s) is a Generalized Sequential Henstock integrable functions 

r(t) and v(s) are functions of bounded variation, so the Generalized 
Sequential Henstock integral on the right side of (20) exists. By Theorem 

1.5, we have 
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x ‘(t) = r(t)v’(t)F(t) 

Combining (18) and (20), we have 

(22) 

F(t) ≤ ξ + x(t) 

Thus, 

(23) 

 ) (24) 

since r(t)v0(t) ≥ 0. 

That is 

 ) (25) 

Multiplying both sides of (22) by )()(exp( sdvsr

t

a

 , we obtain 

. 

 ))]()([exp( sdvsr

t

a

   (26) 

integrating both sides of (23) from a to t, we obtain 

. 

Which implies 

. 

Simplifying, we obtain 

. 

where x(0) = 0. Merging (25) and (22), we obtain (20). 

Corollary 2.4 Suppose that r(t) is a nonnegative Gronwall Bellman’s 
inequality type function on [a,b] and assume that ξ1,ξ2 >0. Then, for every 

t ∈ [a,b], 

)()()( 21 sdvsrtr

t

a

   for t ∈ [a,b]. 

implies 
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r(t) ≤ ξ1exp(ξ2(r(t) −r(a))). 

Proof. The proof follows easily from Theorem 2.3. 

Next, we will give our main results 

Theorem 2.5 Let r(t) and v(t) be a bounded variation on [a,b], r(t),v0(t) 
≥ 0 for every t ∈ [a,b], and let F : [a,b] × [a,b] → R be Generalized 

Sequential Henstock Stieltjes integrable with respect to v(t) on [a,b], if 

there is a bounded variation function h(t) such that 

 )()()()()()( trsdvsFsrthtF

t

a

  for s,t ∈ [a,b]. (27) 

then 

  (28) 

for t ∈ [a,b]. Hence, if (25) holds, then as does (27). 

Proof Define 

 

then (26) be  

F(x) ≤ h(t) + x(t). 

Applying Theorem 1.11 and combining (28) and (29), we obtain 

(29) 

x'(t) = r(t)v’(t)F(t) ≤ r(t)v’(t)(h(t) + x(t)) . (30) 

That is 

  

x’(t)−r(t)v’(t)x(t) ≤ r(t)v’(t)h(t) . (31) Hence, by 

multiplying ))()(exp( sdvsr

t

a

  to both sides of (31), we obtain 

. 

Then, integrating both sides of (31) from a to t, we have 
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Hence, 

 . (32) 

By adding h(t) to both sides of (32), we obtain (28). 

Remark 2.6 In Ding and Ye (2009), the author obtained similar type of 
inequalities in Theorems 3.3 and 3.4. In this paper, we relax the 

conditions of the existence of these inequalities and use the Generalized 
Sequential Henstock integral theory to prove these inequalities. Hence, 

we can use our results to study the stochastic differential equation. 

The following result follows for the Stieltjes type Sequential Henstock 

integrable function in which the integrator is dominated by two 
continuous functions, defined below 

Consider the integral of a continuous function f : [a,b] → R 

  (33) 

Suppose g is a non-decreasing product function define by 

g = r(x).s(x) 

then 

dg = rds + sdr 

therefore equation (1) becomes 

. 

Now, setting ∆ = rs, ∆s = rds and ∆r = sdr then 

. 

Suppose f is a Sequential Henstock integrable function, we give the 

following new definition 
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Definition 2.7 Let g : [a,b] → R be a non decreasing function. A function 

f : [a,b] → R is Stieltjes dominated type Sequential Henstock integrable 

with respect to g on [a,b] to a number R fd∆ if for any ε >0 there exists a 

sequence of positive gauge functions  such that 

 

 is a δn(x)−fine partitions of [a,b].  

 

We use STHSf[a,b] to denote the set of all Stieltjes dominated type 

Sequential Henstock integrable functions defined on [a,b]. 

3 Application 

We shall give some application of Theorem 2.2 and 2.4 to stochastic 

differential equation. Some properties of solution of initial value 
problems will be considered. 

Let G × G ⊂ RN+1 be an open set. Suppose F : G × G → RN+1 is a given 

RN+1 valued function F(uin, tin) defined for (uin, tin) ∈ G, uin ∈Rn,tin ∈R. 

Definition 3.1 A function x : [a,b] × [a,b] → RN is called the solution of the 

stochastic differential equation (SDE) 

  (34) 

on [a,b] if a(t) is a non-deterministic or stochastic parameter given as 

 a(t) = F(t) + h(t)ξ(t), (35) 

for all t ∈ [a,b] and if 

  (36) 

holds for every s1, s2 ∈ [a,b] the identity. ξ(t) denotes a white noise 

process and the integral on the right hand side of (35) should be 
understood as Generalized Sequential Henstock integral on [a,b] ⊂ R 

When considering the solution of the stochastic differential equation, we 

have the following lemma. 



 Iluebe et al., J. Sci. Res. Dev. (2026) 

 

Generalized Henstock-type 101 

 

Lemma 3.2 Let F : [a,b]×[a,b] → R If a function be a Generalized 

Sequential Henstock integrable function. Suppose x : [a,b]×[a,b] → Rn is a 

solution of the stochastic differential equation on [a,b] then for every λ 

∈ [a,b], we have 

 . (37) 

If a function x : [a,b] × [a,b] → Rn satisfies the integral equation (35) for 

some λ ∈ [a,b] and all s ∈ [a,b], then x is a solution of the stochastic 

differential equation (32). 

Now, we define the following type of stochastic differential equation by 

 . (38) 

where v : [a,b]×[a,b] → R is bounded variation on compact subintervals 

of R, F : [a,b] × [a,b] → R is Generalized Sequential Henstock Stieltjes 

integrable with respect to v(t). Considering the solution of the stochastic 
differential equation 

 ) (39) 

Hence, from Lemma 3.2, x(t) is a solution of the integral of (37) through 

(x0,t0) on [a,b] where t0 ∈ [a,b] and x(t0) = x0, if and only if it satisfies the 

Generalized Sequential Henstock integrable equation 

 . (40) 

Hence, we can use our results to prove the uniqueness of the solution of 

(37) under the assumption that F satisfies the Lipschitz condition, i.e 

 |F(x(t),t) −F(y(t),t)| ≤ α(t)|x(t) −y(t)| (41) 

for every t ∈ [a,b] and α(t) ≥ 0, where α(t) is Generalized Sequential 

Henstock integrable on [a,b]. 

Let x(t) and y(t) be two solutions of (37) through the same point (x0,t0), 
i.e., x(t0) = x0 = y(t00). Let z(t) = |x(t) −y(t)|, clearly z(t0) = 0 and from 

equation (37), we have 
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  (42) 

where  is the total variation function of v on [t0,s]. x(t), y(t) satisfy 

(37) and F(t,x(t)) and F(t,y(t)) are Generalized Sequential Henstock 
integrable on [t0,t] with respect to v(t). where v(t) is an identity function 

of bounded variation. x0 is a constant. So x(t) and y(t) are continuous 

0)( t is Generalized Sequential Henstock integrable. Clearly 

 exists by the hypothesis of α(t), The 

function  is non-decreasing in s on ],[ 0 tt so  0)(
0

tVar s

t  0. Using 

Theorem 2.3, with ξ ≡ 0 and k(t) = α(t), we get 

 

That is 

 |x(t) −y(t)| ≥ 0. (43) 

Thus, x(t) = y(t). Thus, we have proved the uniqueness of the solution. 
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