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Abstract

In this research, novel results on the generalized Mann iteration scheme to the existence of fixed points of Kannan
contraction mappings, Chatterjea contraction mappings and Hardy - Rogers contraction mappings in the framework
of complete convex G p.metric spaces, where convexity is defined in the sense of Takahashi, are respectively
established and illustrated. These results individually improve upon a similar result that has been established for
Banach contraction mappings in the same setting. Additionally, the result for Kannan contraction mappings is
applied to obtain the solution of an integral equation.
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Introduction

Mann iteration scheme which is widely used
for establishing the existence of, and
approximating fixed points in abstract spaces
was introduced by Mann (1953). However, its
convergence to existing fixed points depends
on the convexity of the ambient space. Hence
to apply the Mann iteration scheme in any
space, it is necessary that the space satisfies a
defined condition of convexity that imparts a
convex structure to the space.

Convergence of generalized Mann iteration scheme

For metric spaces, one such condition of
convexity is that defined by Takahashi(1970),
and a metric space satisfying it is said to be
convex in the sense of Takahashi. Many
researchers have proved fixed point results in
this space. For instance, Eke et al. (2018)
proved common fixed point theorems for
nonself contraction mappings in convex
metric spaces. Also this space has been
generalized to convex b-metric space in Chen
et al. (2020), the authors proved some fixed
point theorems for Banach contraction
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mappings and Kannan contraction mappings
in convex b-metric spaces using the Mann
iteration scheme.

The notion of metric spaces has been
generalized to the notion of G-metric spaces
by Mustafa and Sims (2006) which in turn has
been extended to the notion of Gy -metric
spaces in Aghajani et al. (2014). Accordingly,
Takahashi's condition of convexity, which
was originally defined for metric spaces, has
been formulated for Gy, -metric spaces by Ji et
al. (2023).

The following question is pertinent: for Gy -
metric spaces that are convex in the sense of
Takahashi, under what conditions will the
Mann iteration scheme converge to fixed
points of a particular class of contraction

mappings defined therein? This question has
already been answered for Banach contraction
mappings introduced by Banach (1922) in the
work of Ji et al. (2023); and this is a
motivation for finding respective answers for
Kannan (1968) contraction mappings,
Chatterjea (1972) contraction mappings and
Hardy-Rogers (11973) contraction mappings.
This research will provide answer to the
underlining question and equally apply the
obtained result to find the solution of an
integral equation.

Preliminary

The brief discussions of metric spaces and its
generalizations will be stated here as some of
them are paramount to our main results.

Definition 2.1 Frechet (1906) : Let X be a non-empty set, and d: X xX — [O,oo) be a mapping.

For every x,y,ze X , if d satisfies the following conditions:

(i) d(x,y) = 0 ifand only if x=y;
(i1) d(x,y) = d(y,x);
(i) d(x,y)<d(x,z) + d(y,z).

Then d is called a metric on X and the pair (X, d) is called a metric space.

Czwerik (1993) generalized the notion of metric space by adding a constant s >1 to the triangle

inequality.

Definition 2.2 : Let X be a non-empty set, and d, : X xX —[0,0) be a

mapping. For every x,y,ze X, if d satisfies the following conditions:

(i) d,(x,y) = 0 ifandonlyif x=y;
(ll) db (X7Y) = db (Y:X) >

(iii) There exists a real numbers>1 such that d,(x,y)<s[d,(x.,z) + d,(y.2)],

then d, is called a b-metric on X and the pair (X, d, ) is called a b-metric space.

In 1970, Takahashi introduced a convex structure to the axioms of a metric space as follows.

Definition 2.3 : Let (X, d) be a metric space and I=[0, 1]. A continuous function
w X xX x[O, 1] — X 1is said to be a convex structure on X if for each x,y,ue X and ael

d(u,w(x,y; a)) <ad(u, x) + (1 — «) d(u, y) holds. A metric space (X, d) with a convex

structure w is called a convex metric space.
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In 2014, Aghajani et al. (2014) introduced the notion of G » - metric spaces which are another
generalization of metric spaces.

Definition 2.4 : Let X be a nonempty set. Suppose that a mapping G, : X x X x X — [O,oo)
satisfies the following conditions:
(1) Gb(x, v, z)zO if x=y=z;
(2)0< G,(x, x, y) forall x,ye X withx=y;
(3)G,(x, x, y)<G,(x, y, z) forall x,y,ze X with y#z;
4G, (x,y,z) = G,(x, 2 y)= Gy(z x, y)=--- (symmetry in three variables);
(5) there exists a real number s>1 such that
Gb(x, Y, Z)SS[ G, (x, u, u) + G, (u, Y, z)} forallx, y, ze X.
Then Gy is called a G » - metric on X and the pair (X, G ) is called G » metric spaces.

Example 2.5 : Let X= [O,oo) and G, : X x X x X—)[O,oo) be a mapping defined by

2
Gh(x,y,z)z l(|x—y|+|y—z|+|z—x|)
3

Then Gy is called a G  -metric on X.
The following definitions and motivations are found in Ji et al. (2023).

Definition 2.6 : Let (X, G v) be a G -metric space with coefficients>1 and I =

[0,1]. A mapping w : X xX x [O, 1] — X is called a convex structure on X if for x,y,u,veX and
a €1, the inequality

G, (u, V,W(x,y;a)) <aG, (u,v,x) + (1 - a)Gb (u,V,y) holds.

If so, the triplet (X, G v, w) is called a convex G , -metric space.

Definition 2.7 : Let (X, G v, w) be a convex G , -metric space and T: X — X be a mapping.
The generalized Mann iteration scheme is;
= W(Xn, Tx,; an), neN ,

Xn+1

where x, € X and e, €0, 1]. The sequence {x,} is called Mann iteration sequence for T.

Theorem 2.8 : Let (X, Go, W) be a complete convex Gy - metric space with constant s>1 and
T: X — X be a mapping such that

G, (Tx, Ty, Tz)<AG,(x, y, z)

forall x, y, z eX and 2€[0, 1 ). Suppose that the sequence {x,} is generated by the Mann

iterative scheme and for x, € X. If the sequence {a,} (0, 1) converges to a <

1 . . . . . 5
and A <—-, then T has a unique fixed point.x" € X Moreover, T is G- continuous at x".
N
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The following contractive mappings are employed in our research.

Definition 2.9 Kannan (1968): Let (X, d) be a metric space and T: X — X a self mapping. T

is said to be Kannan contraction mappings if there exists « e (0,% j such that for all x, yeX

the following inequality holds
d(TX, Ty)Sa [d(x, Tx) + d(y, Ty)].

Definition 2.10 Chatterjea (1972): Let (X, d) be a metric space and T: X — X a self mapping.

T is said to be Chatterjea contraction mappings if there exists g e (O,% J such that for all

x, ye X the following inequality holds
d(Tx, Ty)Sﬂ[d(x, Ty) + d(y, Tx)].

Definition 2.11 Hardy and Rogers (1973): Let (X, d) be a metric space and T: X — X aself
mapping. T is said to be Hardy and Rogers contraction mappings if there

existsa, b, c, e, f €(0, 1) witha+b+c+e+f<l such that forall x, ye X the following
inequality holds,

d(Tx, Ty)Sad(x, y) + bd(x, Tx) + cd(y, Ty) + ed(x, Ty) + fd(y, Tx).

Fixed Point Results mappings, Hardy and Rogers contraction
Fixed point theorems that establish the mappings in convex G, -metric spaces are
conditions under which the Mann iteration  proved in this section with examples
sequence converges for Chatterjea contraction  illustrating our results.

Theorem 3.3: Let (X, Gv,w) be a complete convex Gy -metric space. Suppose {a,} is a

1-5°B(1+5)

s(s+sp)
iteration sequence converges to a unique fixed point of the mapping T: X — X satisfying the
condition:

G, (TX,Ty,Ty)Sﬁ[Gb (X,Ty,Ty)Jer (y,TX,TX)] forall x,ye X.
Proof:

For ease, G shall be used for Ge.
Foranyn eN,
G(Xn’Xn’XrH—l) =G (Xn’Xn’W (Xn’TXn; an ))

SanG(xn,xn,xn) + (l—an)G(xn,x
= (l—an)G(xn,x Txn)

sequence in (0,1) that converges to a < =
s (s+1

, Where 8 e [0 —)J , then the Mann

Tx, ) (3.1)

n?

n’
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G(x X, IX, ) =G(x Tx
<S|:G X, ITX, Tx,,Tx, )]
= S[G (W (x, . TX, &, ) Tx, . Tx, ) + G(Tx, . Tx,,Tx,)]
<sla, G ( uets IX,_ I,TXn_I)-i- (1—an_l)G(Txn_l,Txn_l,Txn_l)
+ﬂ( ( a1 1X,, TX ) + G(x JIX,.,TX, ))]

Tx )
Tx, )+G(TX

n’

n—1°

=sa ,,G(x,.X,,Tx, ) + sBG(x,,,Tx,,Tx,) (32)
+ sﬁG(xn,Txn LTX, ) .
G(Xn l’TXINTXn) = G(Xn l’ n— l’TXI’l) = G(Txnﬂxnfbxnfl)
Ss[G(Txn,xn,xn)Jr G(Xn,X” X, 1)]
< s[G(xn xn,Txn) +(1—an_l) G(X,_15X,, Tx,)]
= sG(x,.x,,Tx,) + s(1-a,)G(x,1.x,,TX, ). (3.3)
G(Xn’TXn l’TXn—l) - G(W(Xn 1’ n ]; an 1)’Txn—19Txn—l) (3 4)
San—l(}( n— 1’ n— l’TXn 1)
Substituting (3.3)and (3.4) into (3.2) yields,
G(xn,xn,Tx ) <Ssa, |G(X,_pX,_p TX,_) +s ﬂG( n,Txn)
+ 5" B(1=0,1 )G (X5 X5 TX, ) 380, 1 G (X,1,%,, 0, TX .y ).
This implies
(l—szﬁ) G(xn,xn,Txn) <(sa,_ +szﬁ(1—an )+sﬁan DG, X, . TX,)
< (San—l + Szﬂ + sﬁanfl )G(Xn—l »Xp-1> Txn—l )
This gives,
2
G(x,,x,,Tx,) < 80 TS B+ spa G(xn_,, X, > TX, 1). (3.5)

1-s°f

sa, | +s 2B +sPBa

n-1

Let k, = , a, converges to ¢ and lim, k&, =k.
1-s°p
2
Then k = w < l’
1-s°4 s

Hence (3.5) becomes
G(xn,xn,Txn) Skn_lG(xn 1 Xy TX,, )

< Ky % K, 5G(%,5,TX, 5, T, )
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VAN

: (3.5a)
<TT7 k.G (x4,%0, TX,)

G(Xn’Xn’XnH)S(l_an—l)G(X X TXn)

n’ n?

SG(X X Txn)

n>*tn?

SH;:(; kiG(X07X07TX0)' (3.5b)

For p >1andn €N, repeated application of the rectangle inequality property gives:

G(Xn’xn’xn+P) < SG(Xn’Xn+1’Xn+1)+ SG(Xn+l + Xp+p + Xn+P)

n+p—1°>“n+p>

2 p
SSG(Xn,XnH,XnH) +5 G(xml,xwz,xnﬂ) +--+s G(x X xnw)

<s f;gkiG(xo,xo,Txo) + szl_[fzokiG(xo,xo,Txo) +...+SPH;’:OP—ZkiG(XO,XO’TXO)

= (U, + s°U, + $°U,, + -+ s"U,,,,)G(x4,%0,TX,)

where U, | =11 k.. lim, Y _ lim, K, =k Ao
Un—l s

and so by ratio test, XU, , is convergent.

According to the theorem which states that if a sequence is convergent, the sequence of its terms
converges to 0 then lim, ,, U, , = 0. This implies,

n—

uU,=U,=-=U,, ,=0asn —ow, therefore, G(xn,xn,xn+p) —0asn —>ow.

This implies that {xn} is a Cauchy sequence and converges to a point x* in X, since the space is
complete; and from (3.5b)

lim,_,,G(x,,x,,Tx,) = 0 (3.5¢)

Next, the existence of the fixed point of the mapping is established.
G(x*,TX*,TX*) < S[G(x*,xn,xn ) +G(Xn,Tx*,Tx*)}

Tx,,Tx, )+G (Tx

n’ n’

SSG(X*,X,,,X,,) N 52|:G(X Tx*’Tx* )j|

<sG(x",x,,,%, ) +5°G (x,, TX,, Tx, )+5° G (x,, Tx", Tx" J+ s* G (x",Tx,,Tx, )

SSG(X*,Xn,Xn) + s°G (xn,xn,Txn )+ s? AG (XH,TX*,TX* )
+5°BG(x"x,,x, ) + §°BG (x,,Tx,,Tx,, )

Asn — o, then from the facts that x, — x and (3.5¢), it follows that:

G(x*,Tx*,Tx*)Ssz,[)’G(x*,Tx*,Tx *) This implies (l—szﬂ)G(x*,Tx*,Tx*)SO.

Since 1-s°f> 0, G(x*,Tx*,Tx*)SO. ButG(x*,Tx*,Tx*)ZO.
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Therefore G(x*,Tx*,Tx*): 0. Hence x" is a fixed point of T.

Suppose there exists y* = x* such that y" e Xand Ty" =y". y" #x" implies thatG(x",y",y")>0.
By property,
G(x"y"y") = G(Tx", Ty, Ty’ )
<ﬂ[ X", Ty", Ty’ +G(y*,Tx*,Tx*)]
:ﬁ[ (Tx".Ty". Ty") + G (Ty". Tx", Tx’ )}
2ﬂG(Tx*,Ty*,Ty*)

2ﬂG (X*,y*,y*)

This implies that (1—2ﬁ)G(x*,y*,y*) <0 but 1-28>0. Therefore G(x*,y*,y*)so, a

contradiction to the fact that G(x*,y*,y*) >0. Hence, x"is a unique fixed point of T.

The following example illustrates the above theorem.

Example : Let X =[0,0)and Tx =§ forx e X . For any x,y,ze X, we define

G,: X x Xx X —>[O,oo) with the formula G, (x,y,z) = |x —y| + |y—z| + |x —z|. Thus (X,Gb)
is a G, -metric space with constant s= 1. Also, x = 0 is the only fixed point of T in X. Consider
the mapping w(x,y;a)=ax + (1-a)y we prove that w is a convex structure on (X,G,) by
showing that

G, (X,y,w(u,v;a)) < aGb(x,y,u) +(1—a)Gb (x,y,v).

Gh(x,y,w(u,v;a)) = |x—y| + |x—w|+ |y—w|
= |x—w| + |x—(ax+(1—a)y| + ‘y—(ax + (1—a)y)‘
= (a+1) |x—y| + (1—a)|x—y|
= (a+1+1—a) |X—y| = 2|x—y|

aGb(x,y,u) +(1—0{)G,J (x,y,v)z |x—y| +a ly—u|
Za|x—u| + (l—a)|y—v| +(1—a) Ix—v|
= |x—u| +a(|x—y|+|u—y|+(1—a) (|x—u|+|u—y|)
+(1—a) (|X—V|+\V—y|)
> |x—y|+a|x—y|+(l—a)|x—y|
= 2|x—y| = Gb(x,y,W(u,V;a))
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Hence w is a convex structure on (X,G,) and so (X,G,,w) is a convex G,-metric space with
s=1.
Gb (X:y,Y) = 2|X _y|

G, (x, Ty, Ty)=2 2x_y‘

G, (y,Tx,Tx)= 2 ‘ UT_X

G, (Tx,Ty,Ty)= 2[Tx - Ty|

o Xy le 3x -3y
2 2 3 2
_2 | 2x—y  x-2y
3 2 2
Sg |2x—y Jr|2y—x
30| 2 | 2
2
ZE(G(X,Ty,Ty) + G(y,TX,TX)
Hence T = = isa Chatterjea contraction on (X,Gb,w) with,b’:l<l:2;.
2 3 2 s7(s+1)
1 1-s 1 .
Leta,=—= M, thena =lim, , o, =—
5 s(s+sp)
Xn = W(Xn—l’Txn—l;an—l)
1
= _Xn—l +_Txn—l
5 5
—lx +—X
5 n—1 10 n—1
()
5 n—1
_(3 .
5 n-2
_[3 "
5 n-3

-[3):
5 0
Since Tx =§ then Tx,, =%”. As n— oo, x, >0, Tx, >0 and the result follows.
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Next is the result for Hardy-Rogers contraction mappings.

Theorem 3.5: Let (X,G,,w) be a complete convex G, -metric space. Suppose {a, | is a

n

1-s(a++c+2d +e)

2
N

the Mann iteration sequence converges to a unique fixed point of the mapping T : X > X
satisfying the condition:

G, (Tx,Ty,Ty)SaGb (x,y,y)+ bG, (X,TX,TX) +cG, (y,Ty,Ty) +dG, (X,Ty,Ty) + eGb(y,TX,TX)
forall x,y €X.
Proof: For ease, G shall be used for G, .

G(xn,xn,xn“) = G(xn,xn,W(xn,Txn;an ))
<a,G(x,.x,.x,) + (1-,)G(x,.x,, Tx, ) (3.6)
= (1—an)G(x xn,Txn)

. 1
sequence in (0,1) that converges to « < , wherea+b+c+2d+e <—, then
S

n’

ForanyneN ,
G(X X Txn) =G(x

n>n’

n,Txn,Txn)

< S[G (Xn,TX Txn71)+G (Tx Tx,,Tx, )]

n-D n—-1°

= 5[G (w (x e 1X_ps O, ), Tx,.,,Tx, ) +G (Txn_1 ,Ix,,Tx, )]
<sla, ,G(x,,Tx, |,
+bG(x,_,Tx, . Tx, ) +¢G(x,,Tx,,Tx, ) (3.7)
+dG(x,_,Tx,,Tx, )+ eG(x,,Tx, ,Tx, , ]

Tx, )+ aG(x,_,X,,X,)

n—-1°

n—1° no

G(X X ,X )=G(X X _1,X )

n—1>*n>“*n n>“n-1°>*n-I1
= G(W (X TX s @y ),Txn_l,Txn_l) (3.9)
< an—lG (Xn—l’TXn—l’TXn—l )

G(xn_l,Txn,Txn) = G(Xn_l,xn_l,Txn) = G(Tx,,X,_>X,;)
Ss[G(Txn,xn,xn) + G(Xn’xn—lﬂxn—l )}

S[G(X,,%,,Tx, ) +(1- @, ) G(X, 1, X, 1, TX, )] (3.9
sG(x,,x,,Tx, ) + s(I— e, )G(x, .x, ., Tx, )

IN

G(x,,Tx, 1, Tx, )= G(w(x,_,Tx, ; Tx, )

<a,,G(x,_, %, Tx, ) (3.10)

nel> a, 1), Tx, 4,

Substituting (3.8), (3.9), and (3.10) into (3.7) yields,
G(xn X IX, ) < s[ocnflG(xIH Ix, . Tx, ) + a(l -a,_ )G(xml ,Ix, 1, Tx, )
+ bG(xnfl,Txnfl,Txnf1 )+ cG (x X,,Tx, )+ sdG (xn,xn,Txn )

+ Sd(l - an—lG (Xn—l’TXn—l’TXn—l )+ ean—lc} (Xn—l’TXn—I’TXn—l ]
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= san_lG(X
+ sbG(x

Tx, ., Tx, )+ sa (1— a, ) G (x
nt TX o TX )

+ scG(xn,xn,Txn)+52dG(xn,xn,Txn)

+s%d G(x

n-1°

n-1 ’TXn—l ’Txn—l )

oot TX o, TX ) + seotn_lG(xn_1 JIX . TX, )
In view of 0<a < 1 which implies that 0< 1— a <1, s>1, and the last inequality, we have

G(Xn,xn,Txn) SsalHG(x Txnfl,Txnfl)JrszaG(X Tx TXM)

+ stG(xn_l,Txn_l,Txn_1)+ s3cG(xn,xn,Txn)+s3dG(xn,xn,Txn)
+s°d G(anl,Tanl,Tanl)+Se20{n71G(X Tx TXIH)

n-1» n-1» n-1°

n-1» n-1°

(1—53(chd))G(xn,xn,Txn )< (s o, +sfa+s’b+s’d+s’ea, )G (& Tx, . TX, )

2
sa._ +s(a+b+d+ex
G(x,,xX,,Tx, )<—

L G(x,,Tx ,,Tx _ 3.11
1_S3(C+d) ( n-1 n-1 nl) ( )
2 2
Letk = sa, | +8 (a3+b+d +ea, ) and lim __k_, = k, then oSats (a+3b+c+d+ea) <l.
1-s"(c+d) 1-s(c+d) N
So (3.11) becomes
G(xn,xn,Txn ) <k,,G (xnfl,xnfl,Txnf1 )
Sknfl o 'kn72G (anz’TanbTanZ )
< (3.12)

<TG k,G (X ,X0, X ) -

G(Xn,xn,x11+1 ) < (1 -a, )G (xn,xn,TXn )
SG(xn,xn,Txn)
<IT kG (x, X X )
<IIL kG (XO,XO,TXO )
For ne N and p >1and applying the rectangle inequality property repeatedly, it follows that
G(xn,xn,xmp) <sTIL kG (xg X, Txg ) +8°TT0 kG (X0 X0, Tx )+ -+ 7TILP 'k G (k. %o, T, )
Let z,,, = s [/ k,,i= 0,1,---,p—1 then

G(xn,xn,xmp)ﬁ (zy +24yy ++2,,) G (X-%0,TXg ),

2
S1+ H kl-
n+i+l _ i=0
hmt—)oo 7 . hmi—)oo . n+l
n+i Sl Hk,
i=0
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= hmi—)ooSknJriH < S(lj =1
S

n+p-1

so by the Ratio Test, 2 z,,; is convergent and hence lim_, > z = 0.
i=0

i=n

n>“*n’>*n+p

This implies thatlimn_mG(x X, ,X ) =0.

Thus {x,} is a Cauchy sequence and since (X,G,,w) is complete, this implies thatx, - x" e X.

k., < L , and by the Ratio Test, > u, is
N

Also, letu, =1, k, then, limnwmz lim
n=0

1
un

n—o

convergent which implies that u, -0 asn — o, thatis, [[k;, >0as n - and from (3.12)
i=0

lim,_,,G(x,.x,,Tx,) = 0 (3.13)
Next the existence of the fixed point of the mapping is established
G(x*,Tx*,Tx* ) < s[G (x*,xn,xn )+G (xn,Tx*,Tx* )]

(3.14)
<s[G (x*,xn,xn)+s (G (x,Tx,,Tx, )+ G(TXn , T, TX" )}
G(TX*,TX*,TX*)SaG (Xn,x*,x*) + bG (x,,Tx,,Tx, )+¢G (x*,TX*,TX* )
+ dG(xn,Tx*,Tx*) + eG(x*,Txn,Txn)
SaG(xn,x*,x*) + bG(x,,Tx,,Tx, ) +cG (X*,Tx*,TX*)
(3.15)

+dG(Xn,Tx*,TX*) + e[sG (X*,Xn,xn) +G (x,,Tx,,Tx, )}
Substituting (3.15) into (3.14) yields
G(x*,TX*,Tx*) SSG(X*,XH,XH) + s°G(x,,Tx,,Tx, )

+ SzaG(xn,x*,x*) + ssz(Xn,Txn,Txn) + sch(x*,Tx*,Tx*)
+ ssz(xn,Tx*,Tx*)+SSeG(X*,xn,xn) + s’eG(x,,Tx, . Tx,).
Taking limit as n — o yields
G(x*,TX*,Tx*)SS2CG (x*,Tx*,TX*) + s%dG (x*,Tx*,Tx* )
and this implies that (l—s2 (c+d))G (x*,Tx*,Tx*)SO .But c+d <i3 which implies that
s

s*(c+d) < 1 which implies that 1-s*(c+d) >0, therefore G(x*,Tx*,Tx* ) <0, and since
S

G(x*,Tx*,Tx*)z 0, it implies that G(x*,Tx*,Tx*) =0 and soTx" =x". Hence, x"is a fixed point
of T.
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Suppose there exists y* € X such that y* #x" and Ty" = y*. Then G(x*,y*,y*) > 0.

G(x*,y*,y*) = G(TX*,Ty*,Ty*)

< aG(X*,y*,y*)+bG(X*,Tx*,TX*)+cG(y*,Ty*,Ty*)

+ dG(x*,Ty*,Ty*) + eG(y*,Tx*,Tx*)

= aG(x*,y*,y*) + dG(x*,Ty*,Ty*) + eG(y*,TX*,Tx*)

(1—(a+d+e)) G(X*,y*,y*)SO.

Sincel—(a+d+e) >0, it implies that G(x*,y*,y* ) <0, a contradiction. Hence x" is a unique

fixed point of T.

The following example illustrates this theorem.

X

Example 3.6 : Let X = [0,0)and T: X - X be defined as T == for

3

allx e X Foranyx,y,zeX, let G, : XxXxX—[0,00) defined

by G, (x,y.z) =%(|x—y| + |y—z7 + |x-z |)2 be a G, -metric on X. The mapping defined by

w(x,y;a) = ax + (1-a)y is a convex structure on the space. Accordingly, (X, G,,w)isa

convex G,-metric with s =2. All the hypothesis of theorem 4.2.3 are satisfied and 0 is a unique

fixed point of T.

The following Corollary is obtained by assigning a=d =e =01in Theorem 3.5.

Corollary 3.7 : Let (X, G,,w) be a complete convex G, -metric space. Suppose {,} isa

sequence in (0,1) that converges to a <

pe|o—"
s(s+1
mapping T : X — X satistying the condition:

S

I-sB(s+1)

,where

} , then the Mann iteration sequence {xn} converges to a unique fixed point of the

G, (TX,Ty,Ty) <BIG, (x,Tx,Tx)+G, (y,Ty,Ty)] forallx,y eX.

Remarks 3.8: (i) Theorem 3.5 is a
generalization of the result of Ji et al. (2023)
because b=c=d=e=0 in Hardy and Rogers
contraction mappings gives the result of Ji et
al.(2023).

(i1)) Theorem 3.5 is a generalization of
Theorem 1 and Theorem 2 of Chen et

Convergence of generalized Mann iteration scheme

al.(2020), the authors proved existence of the
unique fixed points for Banach contraction
mappings and Kannan contraction mappings
in the framework of convex b-metric spaces
utilizing the Mann iteration algorithm. In
Theorem 3.5, our spaces is more general
compare to that of Chen et al. (2020) likewise
our mappings.
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Application
In this section, Corollary 3.7 is applied to obtain the existence theorem of an integral equation.

Consider the integral equations below,
b

()—f +}/J‘ (t.7)K(r,x(z ))dz'J- (t,7)K,(z,x (r ))dz (4.1)

for te[a,b], wheref [a,b] >R, u: [a b] x[a,b] >R and KK, :[a,b] >R areall
continuous functions on [a,b]. Denoted by X = (C([a,b],R) is the space of all continuous
functions on [a,b]. Endowed with this space is the G, -metric
2
G, (x,y.z) =(sup |x( |+ sup |y |sup | -x (t )D .
te[a,b] te[a,b] tela,b]
The function w : XxXx(0,1) defined as w(x,y;a) =ax + (1 —a)y is a convex structure on

the space. Accordingly, (X,G,,w)is a complete convex G, -metric space with s =2;

consider T: X — X defined by,
b

Tx(t) = f(t) + }/J. (Lt K (nx(r ))er. (t,7Ky(z.x (r)dz (4.2)

is well defined, and the existence of a solution of (4.1) is established upon the existence of a
fixed point of T as defined in (4.2). The result below, which establishes the condition upon
which the integral equation (4.1) has a unique solution, uses this fact.

Theorem 4.1: Assume that the following conditions are satisfied:

. 1
1) y<—,
1y 5

(i1) iu(t,r) <1
V17

(iii) [K, (.X(7)) - Ki(r,Y(r))‘£7|x—y|,i:1,2 and

b < |X(t)—Tx(t)|
(iv) Iu(t,z’)‘Kl (z, y(z’) +K, (r,x (r ))br < tseu[lib]m.

Then the integral equation (4.1) has a unique solution in X.
Proof:

2
G(Tx,Ty,Ty) = (2 sup |Tx Ty(t)| J
e[ab
b b

=772 sup (| J.u(t,z')K1 (r.x(c ))er.u (t.7)K, (r.x (@ ))e

te[ab] " g

b b

Jue)K(ry(@)r o)k (my (e’

a a
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<y*(2 sup bu(t,z')|K1(T,x(r))— Kl(r,y(r))|dz'

te[ab] Y

Q —— >

u (t,r )K2 (z',x (z' ))dz'

J’_

Q C— >

u(t,7)K z'x d}utr‘K ()) KQ(T,Y(T))bTUZ

sup |u (t,r )K2 (r,x (z' )ﬁﬂ

teh,b]a

b

Iu(t,r)K, (T,y(r))dr

a

<4y* (sup sup
te [a,b]te [a,b]

Ka(ex(e)) K (.3(6)

K, (T,X (r ))—K] (T,y (z' ))

)2

+ sup sup
te[a,b]zela,b]

sup
te[a,b]

<4y (% sup [ ( (t)| sup | _Tu(tvf)df 'lfu (t’T)KZ(T’X (4 ))”

t fa,b] tefab]

b
+ju(tT)K (Ty dT utz’dr|)

Q — >

b

i;/ sup [j.u tz' } (Esup]| ()— y(t)| sup | Iu(t,r)Kz(r,x(r))dr

te [a,b]| % te fa.b]

+

u(t,7)K, (T,y (T))dT >

R C— >

2
SL}} [2 sup |x(t) - y( suIzJ‘ tr ‘K z'y( ))+K rx ‘dz’| J

17 tefa,b]
2
1 x(6)=T(1)| J
<—| 2 sup |x(t —yt sup ————+—
17( te[ab]| Y |te[ab]|><(t) y(1)]

:%(2 sup |x(t) — Tx(t)qz

te[a,b]

Z%G(X,TX,TX)

1
< E[G(X,TX,TX) + G(Y,TyaTY)}

Since the contraction map has a unique fixed point in Corollary 3.7, then theorem 4.1 has a
unique solution.

Conclusion Hardy and Rogers contractive mappings in
This research provides conditions under  convex G, -metric spaces, where convexity is

which the Mann iteration sequence converges defined in the sense of Takahashi (1970). The
to the fixed points of Kannan, Chatterjea and
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fixed point theorems for these contractive

mappings have been illustrated with examples.

Additionally, the solution of an integral
equation is obtained via the fixed point
theorem for Kannan contraction mappings in
convex G,-metric spaces.
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