73

Approximation of the Jungck Multistep Iteration Process Generated by a Generalised
Contractive-like Operator in Cone Banach Spaces

Hudson Akewe* and Hallowed Olaluwa
Department of Mathematics, University of Lagos, Akoka-Yaba, Lagos, Nigeria
*hakewe@unilag.edu.ng

Abstract

In this paper, we investigate an approximation theorem on the common fixed point of the Jungck multistep
iteration process in a cone Banach space. The results obtained in this paper are improvements and
generalisations of several results on common fixed points in the Literature.
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Introduction

The awareness of the concept of cone metric space is
on the increase in the study of fixed point theory.
Firstly, the concept was introduced in 2007 by Huang
and Zhang as a generalisation of metric spaces, by
replacing the real numbers with ordered Banach
space. Secondly, several generalisations abound in
the Literature. The results of Jungck et al. (2009) on
common fixed points for weakly compatible pairs on
cone metric spaces are generalisations as well as
extensions of the result of Vetro (2007) where the
normality assumption is removed. Arshad et al.
(2009) proved a result on common fixed points for
three self-mappings satisfying generalised contractive
condition. Hence, results in non-normal cones are
more general than normal ones.

Methods

Definitions and Lemmas

Definition 1: Sabetghadam, Masiha & Sanatpour

(2009).

A cone P is a subset of a real Banach space E such

that

(i) P isclosed, nonempty and P # {0};

(i) If a,b are nonnegative real numbers and
x,y € P,then ax + by € P;

(iii) P n(—P) = {03.

For a given cone P C E, the partial ordering < with

respect to P is defined by x <y if and only if

y—xe€ P. The notation x «y will stand for

y — x € int P where int P denotes the interior of P.

Also, we will use x < y to indicate that x <y and

x #y.

The cone P is called normal if there exist a constant
M > 0 such that for every x,y € E, if 0 < x < y then
[1x]] < M||y||. The least positive number satisfying
this inequality is called the normal constant of P. The
cone P is called regular if every increasing (or

decreasing) and bounded above (or below) sequence
is convergent in E.

Definition 2: Sabetghadam, Masiha & Sanatpour
(2009).
Let X be a nonempty set and let E be a real Banach
space equipped with the partial ordering < with
respect to the cone P C E. Suppose that the mapping
d: X x X — E satisfies the following conditions:

(d)) 0 <d(x,y)forall x,ye X,

(dy) d(x,y) =0ifandonlyif x =y,

(d3) d(x,y) =d(y,x) forall x,y € X,

(dy)d(x,y) <d(x,z) +d(z,y) frall x,y,ze X.
Then d is called a cone metric on X, and (X, d)is
called a cone metric space. It is quite natural to
consider Cone Normed Spaces (CNSs).

Definition 3: Karapinar & Turkoglu (2010).
Let X be a vector space over R. Suppose that the
mapping ||.||p : X — E satisfies the following:
(Ny) ||x||p = 0 forall x € X,
(N3) |lx||p = 0 ifand only if x = 0,
(N3) llx +yllp < IxI], + [lyllp forall x,y € X,
(No) |lkx||p = |k|||x]|p forall k € R.

Then [].||p is called a cone norm on X and (X, ||.|]|)
is called a cone normed space (CNS).

Definition 4: Sabetghadam, Masiha & Sanatpour
(2009).

Let X,||.|l,) be a cone normed space, x € X and
{xn}=1 be a sequence in X. Then

(i) {xp}n=1 converges to x, denoted by
lim, . x, = x, if for every ce E with 0 < ¢
there exist a natural number N such that
[1xp — xmllp < cforalln > N;

(ii) {x,}.>1 is a Cauchy sequence if for every c e E
with 0 « c there exists a natural number N such
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that ||x, — x,1|p < cforalln,m = N.

A complete cone-normed space is called a cone
Banach space.

Definition 5: Abass & Jungck (2008).

A point x € X is called a coincidence point of self
maps S, T if there exists a point g (called a point of
coincidence) in X such that p = Sq = Tq. Self-maps
S and T are said to be weakly compatible if they
commute at their coincidence point, that is, if
Sx = Tx for some x € X, then STx = TSx.

We now state some of the Jungck-type iteration
process known in Literature in a cone Banach space.
Let (X,]|-||p) be a cone Banach space and S, T : X X
X — E be two mappings such that T(X) < S(X).
For any x, € X, the Jungck iterative scheme is defined
as the sequence {Sx,, }o-, such that

Sxpe1 =Tx,, n=0. (D)

Singh et al. (2005) recently introduced the Jungck—
Mann iterative process and discussed its stability for a
pair of contraceptive maps. The iterative process is
defined in a cone Banach space as follows:
For any given u, e X, the Jungck—Mann iterative
scheme {Sx,, };— is defined by

Sxnyr = (1 — ap)Sxy + anTx, 2
where {a,}r-, is a real sequence in [0,1] such that
Din=o n = .

Olatinwo and Imoru (2008) and Olatinwo (2008)
built on the work of Singh et al. (2005) to introduce
the Jungck—Ishikawa and Jungck—Noor iterative
schemes and used their convergences to approximate
the coincidence points of some pairs of generalised
contractive-like operators in Banach spaces with the
assumption that each one of the pairs of maps is
injective. The iterative schemes are defined on a cone
Banach space as follows:

||Tx — Ty||P <h max{||Sx — Sy||P,

[ITx —=Tyllp <h max{||Sx - Sy||P,

For x, € X, the Jungck—Ishikawa iterative scheme is
the sequence {Sx, }5-, defined by
Sxny1 = (1 — ap)Sxy + anTyy,

Syn = 1- Bn)an + BnTxy (3)
where {a,}r-o and {B,}m, are real sequences in
[0,1) such that Yo a,, = oo.

Let x4 € X, the Jungck—Noor iterative scheme is the
sequence {Sx,, }m-, defined by
Sxp1 = (1 — an)Sxy + anTyy,

Syn = (1 - ﬁn)an + ﬁnTan

SZn = (1 - yn)an + ynTxn (4)
where  {an}nzo, {Buln=o and {yn}y-, are real
sequences in [0,1] such that Y, @, = 0.

Olaleru and Akewe (2010) introduced the Jungck
multistep iteration process and used the scheme to
approximate the common fixed point of a pair of
weakly compatible maps in a Banach space. The
iterative scheme is defined in a cone Banach space as
follows:

Let x, € X, the Jungck multistep iterative process is
the sequence {Sx,}m., defined by Sx,., =
(1 - an)an + anTyr%

Syl =1 —BYSx, + BLTyi, i=1,2,...,k—2
SYTIL(_l =(1- rlf_l)sxn + .Br]f_lTxnx k=2 ®)
where {a,}%-,, {B}ro, i=12,..,k—1are real
sequences in [0,1) such that Yo a,, = oo.

The Jungck multistep iterative process defined in (5)
is remarkable because it is a generalisation of the
Jungck—Noor (4). Jungck-Ishikawa (3), Jungck—
Mann (2) and Jungck (1) iteration processes, provided
the maps S and T are weakly compatible.

We now attempt to give the cone version of some
contractive operators necessary in this work.

Let (X,||.]|p) be a cone Banach space, there exist
S,T:X XX — E such that T(X) =S(X) for x,ye X
and h € (0,1):

[1Sx=Txl| p+[I1Sy=Tl|, [ISx=Tyl|p+|ISy-Tyl|
2 ! 2

|Sx—Tx||,+||Sy—Ty]|

ol iyl

(6)

Tyl I lisy =2} @)

[ITx — Ty||p < 6||Sx—Sy||P +L||Sx—Tx||P, L>0,0<6<1 (8)

8|Isx=syllp+@(|ISx-Txl| )

— <
“Tx Ty”P - 1+M||Sx—Tx||p

[|1Tx — Ty||p SS||Sx—Sy||P+(p(||5x—Tx||P), 0<d<1

Comparing (6)—(10), we have the following:

,0<8<1, M>0 )
(10)

Proposition: (6) = (7) = (8) = (9) = (10) but the converses are not true.

[ISx~Tx||

Proof: (6) = (7): This is trivial since .

Hisy=Tyllp < max({||Sx — T}’||P +|ISy - Tx”P}
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(7) = (8): we consider each possibility. Case 3: Suppose
[ITx — Tyl|p <h|ISy — Tx||P < h||Sy - Sx||P +
Case 1: Suppose h||Sx _ Tx||.
ITx = Tyllp < h|ISx = Tyl|, (8) => (9): Suppose M = 0 and ¢(t) = Lt in (9), we

< h|ISx = Tx||, + |ITx = Tyl|» have (8).
(9) = (10): This immediately follows from the fact

hence ||Tx — T < 1sx — Tx
Il yllp 1-n Il I that

h .
where L = —. This ends the proof. eyl < 8115x — Sylls + o (|ISx - Tx||P)
Case 2: Suppose 1=l = 1+ M||Sx — Tx]||p
|ISx — Tx|[p + [ISy = Tyl | _ < 8[ISx = Syl|,, + @(lISx = Txllp
IITx = Tyllp <h > This ends the proof.
[|1Sx — Tx||p + |ISy —Sx +Sx —Tx + Tx — Ty||p
<h 2 Lemma: Olaleru and Akewe (2010).
< h|ISx — Tx”p + E||Sy _ Sx”p + M Tx = Tyl Le'f {G_n}nzo be a sequence of nonnegative numbers
Thus ? 2 satisfying 0,1 < (1 — /In) 6, n=0,

h oo _
||TX _ TyHP < ||Sy _ Sx||P Where ﬂ/nf [0,1) and ano ﬂn 00,
2- gh Then lim,_, 6, = 0.
+m||SX—TX||P
where & =% and L = % This ends the proof.

Results and Discussion
Theorem 1: Let (X, ||.||p) be a cone Banach space and S, T: X X X — E such that
ITx = Tyllp < 8[ISx = Syl|, + @(|ISx — Tx|| )
where 0 < § < 1 and ¢(t) a monotonic increasing and continuous function, and T(X) < S(X).

Assume S and T have a coincidence point z such that Tz = Sz = p. For any x, € Y, the Jungck multistep
iteration (5) {Sx, }n=1 converges to p. Further, if S, T commute at p (i.e., S and T are weakly compatible) then p
is the unique common fixed point of S, T.

Proof. In view of (10) and (5) coupled with the fact that Tz = Sz = p, we have
[1Sxn+s —pllp < (1= an)“sxn - P||P + anllTz — Tyzllp

< (1 - a)|ISx, — pl|, + @815z = Sy21|, + ¢ (|1Sz = T2l )]

= (1 - a)|ISx, = pl|, + atullp =S¥l (11)
An application of (10) and (5) gives [1Sy; = pll» < (1 = B, = pl|, + BIITz = T¥Il
< (1= BD|ISxs —pll, + BE [8]15z = 521, + o (IISz = 721],)]  (12)

Substituting (12) in (11), we have
||an+1 - p”P < (1 - (ln)“an - p||P + San(l - ﬁrlz)stn - p||P + 62an3711||5yr11 - p”P
= (1= (1~ &ay — 8anB)|ISx, — pl|, + 8*@nBilISya — pllp (13)

Similarly, an application of (10) and (5) gives

1SyZ = pllp < (1 = BD)|ISxn — pl|, + B2[ITz = TY3I|,

< (1 - pD)|Isx, — pl|, + B2L6]1Sz = 31, + ¢ (1152 = 211, )] (14)
Substituting (14) in (13), we have

||an+1 - p”P < (1 - (1 - 6)“11 - 6(1,“8,11)”5)(" - p”P

+6%an B (1 = BD|ISxn — pl|, + 83anBrBR ISR — pllp

= (1 - (1= 8ay — (1 = )b, fi — 52anBipR|ISx, — pl|, + 62 BiBE|ISy —pl, (15)
Similarly, an application of (10) and (5) gives
1Sy = pllp < (1= BD|I1Sxn = pl|, + B3 11Syst — pllp (16)

Substituting (16) in (15), we have
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[1Sxn41 —Pllp < (1= (A = 8y, — (1 = 8)8anfy — 8% fafid)ISxn — pllp
+ 83 BaBr(L = BD|ISxn — pl|, + 8*anBrBiBR ISy — pllp
=(1-Q1Q-8a,— 1 -8)dayfn — (1 - 8)8%a,pufn
= 83 anBaBaBIN|ISxn = pl|, + 8*anBABEBNIISYR = pllp

< (1= = &an — EanBaBifi|ISxn —pl|, + §*anfrBiBDISYE = pllp

Continuing the above process we have

A7)

1Sxn41 = pllp < (1 = (1 = &)y, — 6 2anafibBi - B DIISxn — pllp

+ 85 e fafaBy -

OISyt = pllp

S (=1 =8)ay — 8 2ayBifiba - Ba NIISxy — pllp
+ Sk_lanﬁrllﬁ%ﬁr?{ ﬁrllc_z)[(l - ﬁrllc_l)stn - p||P + ﬁ1’1(_1| |TZ - Txn||P]
S (1= =8)ay — 8 2ayBiBibBa - By NIISxy — pllp

+ 8% o, Br BB --

RO = BED|ISxn = pl| + 8BYISx = pl| ]

< (1= (1= 8an — 8 2anBapibi - Br=?) + 8  anBaBibi - BrHIISxn = pllp
< (1= Q1 =-8ap|lSx, —pl|, < (1= QA =8)[ISx, —pll,

Hence Sx,, —» p since 1 — § < 1 for all n.

Next, we show that p is unique.
Suppose there exists another point of coincidence p*.
Then there is an z"e X such that Tz* = Sz* =p”.
Hence, we have

Iz = 2"llp = |ITz = Tz*||p < ]ISz - Sz’

o (lIsz=Tzl|,) = 81|z = 21|,

Since S,T are weakly compatible, then TSz =
STz and so Tp = Sp. Hence p is a coincidence point
of S,T and hence the coincidence point is unique,
then p = z and hence Sp = Tp = p and therefore p is
the unique common fixed point of S, T and the proof
is complete.

Theorem 1 leads to the following corollaries:

» T

Corollary 1: Theorem 2 of Olaleru and Akewe
(2010).

Let (X, []-]) be a Banach space and S,T:Y — X such
that ||Tx — Ty|| < 6||Sx — Sy|| + (p(||5x — Tx||)
holds where 0<§ <1 and ¢(t) a monotonic
increasing and continuous function and T (Y) — S(Y).

Assume S and T have a coincidence point z such that
Tz = Sz =p. For any x, €Y, the Jungck multistep
iteration (5) {Sx,}n-, converges to p. Further, if
Y = XS, T commute at p (i.e.,, S and T are weakly
compatible) then p is the unique common fixed point
of S,T.

Remark 1: Weaker versions of Corollary 1 are a
result of Olatinwo (2008) where S is assumed
injective and the convergence is not to the common
fixed point but to the coincidence point of S,T.
Furthermore, the Jungck multistep iteration used in
Theorem 2 is more general than the Jungck—Ishikawa
and Jungck—Noor iteration used in Olatinwo (2008).
It is already shown in Olatinwo and Imoru (2008),
that if S(Y) or T(Y) is a complete subspace of X, then

the maps satisfying the generalised Zamfirescu
condition

ITx = Tyllp < 8ISx —Syl|, +28]1Sx — Tx|p
has a unique coincidence point. Hence we have the
following results.

Theorem 3: Let (X, || ||) be a cone Banach space and
S,T:X x X - E such that
[ITx = Tyllp < 8|ISx — Sy||P + 258]|Sx — Tx||p

where 0< 6 <1 is satisfied and T(X)CS(X).
Assume S and T are weakly compatible. For any
xo € X, the Jungck-multistep iteration process (5)
{Sx,}n-, converges to the unique common fixed
point of S, T.

Since the Jungck-Noor, Jungck-Ishikawa and
Jungck—Mann iterations are special cases of the
Jungck multistep iteration process then we have the
following consequences.

Remark 2: Let (X, ||.||) be a cone Banach space and
S,T: X x X - E such that the generalised Zamfirescu
condition
[ITx — Ty||P < §|ISx - Sy||P +26|ISx — Tx||P

where 0<§ <1 is satisfied and T(X)<S(X).
Assume S and T are weakly compatible. For any
xo € E, the Jungck-Noor iterative scheme (3)
{Sx,}m-, converges to the unique common fixed
point of S, T.

Corollary 3: Let (X,][]-|]) be a cone Banach space
and S,T: X x X — E such that

[ITx = Tyllp < 8]1Sx — Syl|, +28]1Sx — Tx||p
where 0 <8 <1 is satisfied and T(X)CZSX).
Assume S and T are weakly compatible. For any
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xo € E, the Jungck-Ishikawa iterative scheme (3)
{Sx,}-, converges to the unique common fixed
point of S, T.

Corollary 4: Theorem 2 of Arshad, Azam and
Vectro (2009).

Let E be a Banach space and S,T:X X X — E such
that ||Tx —Ty||p < 5||x—y||P + 28]||x — Tx||p
where 0 <6 <1 is satisfied. For any x, € X, the
Ishikawa iterative scheme (5) {x,};m=, converges to
the unique fixed point of T.

Remark 2:

(i) A weaker version of Corollary 3 is the main
result of Olatinwo and Imoru (2008), where the
convergence is to the coincidence point of S, T
and S is assumed injective.

77

(i) If S =1, in Corollary 4, then we have the main
result of Berinde (2004).

Corollary 5: Let E be a Banach space and S,T :
E — E such that

ITx = Tyllp < 8[1Sx = Syl|, + 285x — Tx||p
where 0<§ <1 is satisfied and T(E)ZS(E).
Assume S and T are weakly compatible. For any
Xy € E, the Jungck—Mann iteration (2) {Sx,}n=1
converges to the unique common fixed point of S, T.

Corollary 6: Let E be a Banach space and S,T : E —
E such that the contractive condition

[ITx = Tyl|p < 6|lx _SYHP + L|lx — Tx||p
where 0 <6 <1 and L >0 is satisfied. For any
Xy € E, the Mann iteration (Mann 1953), {x,}n=1
converges to the unique fixed point of T.

Remark 3: If S = I, the corollary gives the result of Olaleru (2006). It is already shown in Abbas and Jungck
(2008) and Olaleru (2009), that if S(Y) or T(Y) is a complete subspace of X, then maps S and T satisfying

|ISx = TxI|, +[ISy = Tyl|

||Tx - Ty||p < hmax{HSx - Sy||P,

5 P,||Sx—Ty||P,||Sy—Tx||P]

where 0 < § < 1, have a unique coincidence point. Hence we have the following results.

Theorem 4: Let E be a Banach space and S, T : E — E such that

||Sx—Tx||P + ||Sy—Ty||

||Tx - Ty||P < hmax{HSx - Sy||P,

5 P,||Sx—Ty||P,||Sy—Tx||P]

Assume S and T are weakly compatible. For any x, € E, the Jungck multistep iteration (5) {Sx, }n=1 CcOnverges

to the unique common fixed point of S, T.

Since the Jungck—Noor, Jungck—Ishikawa and Jungck—Mann iterations are special cases of hybrid-multistep

iteration then we have the following consequences.

Corollary 7: Let E be a Banach space and S, T : E — E such that

||Sx—Tx||P + ||Sy—Ty||

||Tx - Ty||P < hmax{HSx - Sy||P,

5 P,||Sx—Ty||P,||Sy—Tx||P]

and T(E) CS(E). Assume S and T are weakly compatible. For any x, € E, the Jungck—Noor iteration (4)
{Sx,}n=1 converges to the unique common fixed point of S, T.

Corollary 8: Let E be a Banach space and S, T : E — E such that

||Sx—Tx||P + ||Sy—Ty||

[ITx — Tyllp < hmax{||5x—5y||P,

> P,||Sx—Ty||P,||Sy—Tx||P}

and T(E) ZS(E). Assume S and T are weakly compatible. For any x, € E, the Jungck—Ishikawa iteration (3)
{Sx, }m=1 converges to the unique common fixed point of S, T.

Corollary 9: Let E be a Banach space and S, T : E — E such that

||Sx—Tx||P + ||Sy—Ty||

[ITx — Tyllp < hmax{HSx - Sy||P,

> P,||Sx—Ty||P,||Sy—Tx||P}

and T(E)CZS(E). Assume S and T are weakly compatible. For any x, € E, the Jungck—Mann iteration (2)
{Sx, }m=1converges to the unique common fixed point of S, T.
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Example 1: Let Y = ([0.2],].|). Define T and S by

x e (0,1]
Tx =
x e {0} v (1,2]

and Sx =

0, if x=0
x+1, if xe(0,1]
x—1, if xe(1,2]

ITx — Ty||< 81|Sx — Syl| + o(|ISx — Tx]]),

1
where § = 5

and @(t) = 26t. T(Y) = {0} U {%} and S(Y) =[0,2]. Then T(Y) < S(Y). It is easy to easy that

S$(0) =T(0) =0and ST(0) = S(0) =0, TS(0) = T(0) = 0. Hence, the common fixed point of Sand T is 0.

Running a MATLAB 7.10.0 script, with a, = g,bn =

we have the following results:

1 1
c, = a}lzb}lzc}lzzforalln>0andx0=1

T 2n+a’

Sx; = 0.750000000000000
Sx, = 0.187500000000000
Sx; = 0.046875000000000
Sx, = 0.011718750000000
Sxs = 0.002929687500000
Sx¢ = 0.000732421875000
Sx; = 0.000183105468750
Sxg = 0.000045776367188
Sx9 = 0.000011444091797
Sx10 = 0.0000002861022949

We notice that {Sx,,} in (5) converges to 0, which is the common fixed point of S and T

Example 2: Let (X,d) = ([0,10],].]). Define S and T by

3, if x €(0,2]
Sx =

0, if x e {0} U (2,10]

and Tx =

0, if x=0
x + 8, if xe(0,2]
x — 2, if xe(2,10]

Then Sx = Tx iff x = 0 and ST(0) = T(0) = 0, TS(0) = S(0) =0.

Therefore S and T are weakly compatible.

Conclusion

This paper used the Jungck multistep iteration process
to approximate the common fixed point of a pair of
generalised contractive like operators in a cone
Banach space and justified the claim with examples.
Consequently several results in the Literature are
generalised and extended.
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